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THE FIRST MEETING OF THE SAN FRANCISCO 
SECTION OF THE AMERICAN MATHE- 
MATICAL SOCIETY. 


A MEETING of the Pacific Coast Members of the AMERICAN 
MATHEMATICAL Society was held in San Francisco in the 
council room of the Academy of Sciences on Saturday, May 
3, 1902. Professor Irving Stringham presided. 

A letter from the Secretary of the American MATHEMAT- 
ICAL SocreTy was read, containing the permission of the 
Council to organize a Section of the Society to meet near or 
in San Francisco. Organization of such a Section was ef- 
fected by the adoption of by-laws and the election of offi- 
cers, to serve until the December meeting, after which the 
term of office shall be for one year. Professor Stringham 
was elected chairman ; Professor G. A. Miller, secretary ; 
Professor R. E. Allardice, Professor G. A. Miller and Dr. 
E. J. Wilczynski, programme committee. The by-laws pro- 
vide for two meetings a year, one in May and one in De- 
cember, the election of officers to be held at the December 
meeting. 

The following twenty persons were present at the meeting : 
Professor R. E. Allardice, Dr. E. M. Blake, Professor H. F. 
Blichfeldt, Professor G. C. Edwards, Professor R. L. Green, 
Professor M. W. Haskell, Dr. D. N. Lehmer, Professor A. 
O. Leuschner, Dr. J. H. McDonald, Mr. W. A. Manning, 
Professor G. A. Miller, Dr. H. C. Moreno, Dr. C. A. Noble, 
Dr. T. M. Putnam, Dr. E. W. Rettger, Professor Irving 
Stringham, Dr. S. D. Townley, Mr. L. C. Walker, Mr. A. 
W. Whitney and Dr. E. J. Wilezynski. 

The following papers were presented at the meeting : 

(1) Professor R. E. ALLArpicE: ‘On a linear transfor- 
mation, with some geometrical applications.”’ 

(2) Dr. E. M. Brake: ‘‘A movement whose centrodes 
are cubics.’’ 

(3) Professor H. F. Buicn¥rexpr: “ On the determination 
of the analytic form of the distance between two points by 
means of distance relations.’’ 

(4) Professor M. W. Hasketi: ‘‘ A canonical form of 
the binary sextic.’’ 

(5) Dr. D. H. ‘Constructive theory of the 
unicursal cubic by synthetic methods.”’ 

(6) Dr. Saut Epsteen: ‘‘ Algebraic relations among the 
integrals and the reducibility of linear differential equa- 
tions.’’ 
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(7) Dr. J. H. McDona.p: “ The limits of the minima 
of definite ternary forms.’’ 

(8) Professor A. O. Leuscuner: ‘‘A short method of 
deriving osculating elements of the major planets.”’ 

(9) Mr. W. A. Mannie: “ On the groups of genus one.’’ 

(10) Professor G. A. MituEr : ‘‘ Determination of all the 
groups of order p”, p being any prime, which include the 
abelian group of order p”“' and of type (1, 1, 1, ---).”’ 

(11) Dr. H. C. Moreno: ‘‘On the non-abelian groups in 
which every subgroup is abelian.’’ 

(12) Mr. P. G. Nurrine : ‘‘ Dynamic effect of stationary 
waves on immersed bodies.”’ 

(13) Dr. T. M. Purnam: ‘‘Concerning quadruple sys- 
tems.”’ 

(14) Professor Irvine SrrineHam: synthesis of 
orthogonal substitutions.’’ 

(15) Mr. A. W. Wuirney: ‘“Congruences defined by 
functions of a complex variable.’’ 

(16) Dr. E. J. Witezynsx1: ‘‘ Geometry of the covari- 
ants of a binary system of linear homogeneous differential 
equations.”’ 

Mr. Manning was introduced by Professor Miller. Dr. 
Epsteen’s and Mr. Nutting’s papers were read by title. 
Professor Miller’s paper appeared in the June number of 
the Butietrm. Abstracts of the other papers are given 
below. 


Professor Allardice discussed a problem connected with a 
system of similar conics through three fixed points. An 
equation was obteined representing a system of three-cusped 
hypocycloids inscribed in the triangle of reference. The 
problem suggested itself of transforming the equation so that 
the new triangle of reference should be the equilateral tri- 
angle with its vertices at the cusps. This transformation 
was accomplished by the use of the circular points at infin- 
ity, and was applied to prove a number of theorems refer- 
ring to asystem of hypocycloids touching three fixed straight 
lines. 


In a paper by Dr. Blake in the first volume of the Trans- 
actions a list of the then published plane movements by 
which a carried straight line generates a quartic scroll was 
given. The present paper proves the existence of another 
movement of the same kind. It is defined by equations of 
projective transformation and not by specifying the loci of 
two points of the moving plane as has usually been done 
heretofore. 
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In an interesting paper by M. J. de Tilly, ‘‘ Essai de géo- 
métrie analytique générale,’’ Belgian Memoires Couronnés, 
1892-93, the existence of a relation connecting the mutual 
distances of any five points in space is fundamental in defin- 
ing the analytic functions representing the distances between 
two points. M. de Tilly does not, however, succeed in de- 
fining the functions representing the distances in the eu- 
clidean or non-euclidean geometries without introducing 
some conceptions and properties regarding the straight line 
and plane. 

By means of some general axioms regarding space and 
distances, chief among which is the existence of a relation 
connecting the mutual distances between any five points, 
Professor Blichfeldt has defined the analytic forms of the 
distance between two points for the euclidean or non-eu- 
clidean spaces. These axioms are essentially as follows : 

(1) A point in space is determined by means of three 
real coordinates, x, y, z. 

(2) The distance between two points is a real function of 
the coordinates of the two points. 

(3) This function is unaltered by interchanging the cor- 
responding coordinates of the two points. 

(4) The ten mutual distances of any five points in space 
are connected by one relation independent of the coordi- 
nates of these five points. 

(5) It is impossible to pass through two points of general 
position two real curves, one through each point, possess- 
ing the property that the distance between any point of one 
and any point of the other is a constant. 

(6) Through no point in general position does there pass 
a real curve, the distance between every pair of points of 
which is indeterminate, infinite or a constant. It may be 
remarked that the first five conditions are satisfied by 
eleven distinct functions. 


The form 2° + 7 + & + ka’*y’z’ would, by analogy with the 
cases of the binary quartic and octavic, seem to be a nat- 
ural and desirable canonical form of the binary sextic, but 
the effort to perform the reduction has hitherto been unsuc- 
cessful. Professor Haskell shows that the method attempted 
by Sylvester in his paper ‘‘ On a remarkable discovery in 
the the ry of canonical forms and of hyperdeterminants ’’ 
(Philosophical Magazine, fourth series, volume 2, pages 391- 
410), may be completed so as to furnish the reduction 
desired, which is accomplished by the aid of three simul- 
taneous quadratics in three unknown quantities, requiring 
only a quartic equation for their solution. 
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Defining the unicursal cubic as the locus of the intersec- 
tions of corresponding rays.of two projective pencils, one of 
the first and one of the second order, Dr. Lehmer starts 
with this problem : ‘‘ Given three rays a, b, ¢ of a pencil of 
the first order s and the three corresponding rays 4, f, 7 of a 
pencil of the second order k, to construct the cubic.’”’ Two 
lines are drawn through (a, 2), one of them u arbitrary in 
direction perspective to s, the other v tangent to and per- 
spective tok. The point rows u, v are in perspective posi- 
tion and serve to determine linearly any point on the cubic. 
The whole theory of the cubic is then built up in a very 
simple manner by the use of the properties of the point >, 
the center of perspectivity of u and v. 


In Dr. Epsteen’s paper “ reducibility’’ is taken in 
Koenigsberger’s sense, i. e., a linear differential equation 
is said to be reducible if it has integrals in common with a 
differential equation (linear or not), of lower order, and 
with coefficients belonging to the same domains of ration- 
ality as those of the original equation. Dr. Epsteen shows 
that if the group of a linear homogeneous differential equa- 
tion of the nth order is intransitive of the (n — m)th degree 
(Lie, Transformationsgruppen, volume 1, page 216), the 
linear differential equation is reducible to an equation of 
the mth order. 


A limit of the minima of definite binary quadratic forms 
is deducible from the conditions for a reduced form. In the 
Disquisitiones Arithmetic Gauss gave the limit D, and 
later Hermite gave the exact limit “2D for definite ternary 
forms, D being the determinant of the form. In the Math- 
ematische Annalen, volume 6, Korkine and Zolotareff in- 
vestigate the problem of finding the relative limit minima 
of forms, or of finding forms whose minima diminish when 
their coefficients undergo infinitesimal changes subject to 
the restriction that the determinant shall remain unaltered. 
They find in addition to “2D the relative limit ¥27D. It 
is not apparent that these two are all. By the considera- 
tion of the deformations which leave a reduced parallelism 
of lines or planes still reduced, a proof is obtained that the 
limits of Hermite and Korkine and Zolotareff are all that 
exist, and this is the object of Dr. McDonald’s paper. 


In the calculations of the perturbations of the minor 
planets it is not necessary that the elemeats of the disturbed 
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and the disturbing body should osculate for the same epoch, 
but the epochs of osculation may differ by a series of ten or 
more years (cf. P. A. Hansen, ‘‘ Methode zur Berechnung 
der absoluten Storungen der kleinen Planeten,’’ Abhand- 
lungen d. k. S. Gesellschaft der Wissenschaften, V, page 185). 
Hansen states that in those cases in which the difference in 
epoch affects the perturbations, allowance may be made for 
this when the perturbations of the second order are deter- 
mined. In another place he admits that considerable labor 
may be saved by introducing, at the beginning, elements 
which osculate for the same epoch. 

The Astronomical Ephemerides are arranged to fully 
meet the needs of computers of special perturbations, but 
they do not give the osculating elements of the major 
planets. The Ephemerides contain, however, the heliocen- 
tric coordinates of the major planets with sufficient accuracy 
to permit of the calculation of the osculating elements for 
any desired epoch. 

The method proposed by Professor Leuschner is first to 
reduce the heliocentric places of the disturbing planet to 
the same equinox for a number of tabulated dates on both 
sides of the epoch of osculation of the minor planet, and 
then to determine the coordinates and velocities of the dis- 
turbing planet for the epoch by interpolation and numerical 
differentiation. In this respect the method is similar to the 
‘Short method of deriving orbits from three observations,’’ 
recently published by the same author (Publications of the 
Lick Observatory, volume 3, part 1). From the coordinates 
and velocities thus obtained the elements may be deter- 
mined by Encke’s formule, Berliner Jahrbuch, 1858. 

For the sake of a more accurate determination of the 
osculating elements of the major planet, the polar coordi- 
nates given in the Ephemerides should be transformed into 
rectangular equatorial coordinates before the application of 
numerical differentiation. 

The method has been successfully applied by Drs. R. T. 
Crawford and F. E. Ross,"whoare at present engaged in de- 
termining the perturbations of the Watson asteroids for the 
Watson Trustees. They have made some valuable sugges- 
tions, which have been incorporated in Professor Leusch- 
ner’s method. 


One of the four infinite systems of discontinuous groups 
of genus one is that generated by two operators of order 4, 
whose product is of order 2. Mr. Manning studied this 
system by analytic methods and arrived at the following 
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two theorems: The commutator subgroup H of such a 
group G is abelian and has at most two invariants. The 
quotient group G/H is either the cyclic group of order 4 or 
the abelian group of order 8 and of type (2,1). By means 
of these theorems Mr. Manning determined all the possible 
groups in case H is cyclic, and found simple formulas 
exhibiting the results. 


In his paper on groups all of whose subgroups are abelian, 
Dr. Moreno shows that all such groups are solvable. If the 
order is p™, where p is any prime, the commutator sub- 
group is invariant and of order p. Let P,,_, represent any 
subgroup of order p™” which contains an operator of the 
highest order involved in the entire group. Then P,_, has 
at most three invariants. If it has only two invariants, 
they are of different orders, and if it has three, one of them 
is the commutator. Dr. Moreno determines all of the pos- 
sible groups for these two cases. The groups which are 
possible when P,,_, is cyclic have already been determined 
by Burnside. 


It has been observed that, if a balloon filled with hydro- 
gen be immersed in an organ pipe, it moves toward the node 
of a stationary sound wave, while the same balloon filled 
with carbon dioxide moves toward the loop of the wave. It 
is the purpose of Mr. Nutting’s paper to discuss the dynam- 
ies of such a motion, and to test or illustrate Lord Kelvin’s 
general theorem that the kinetic energy of such vibrating 
systems tends towards a maximum. Neglecting pulsations 
in the balloon and considering only oscillations, Mr. Nut- 
ting shows that Lord Kelvin’s condition is satisfied. 


A quadruple system of n elements is an arrangement of 
the n elements in quadruples, in such a way that any triple 
of elements enters into one, and only one, quadruple. 
There are (n—1) (n — 2) quadruples in the system, 
where n must be of the form6h+2. The existence of quad- 
ruple systems of order 2*, and 2* +". 5 (k =1, 2, 3, ---) is dem- 
onstrated in Dr. Putnam’s paper, and a concrete method 
of constructing them is given. Given a quadruple system 
on n elements the existence of one on 2n elements is proven, 
and a method of construction exhibited. The quadruples 
of a system on 8 or on 16 elements may be written down by 
considering the vertices of a cube in three or in four dimen- 
sions, four vertices which lie in a plane or are the vertices 
of certain tetrahedra forming the quadruples of the system. 
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Professor Stringham’s paper sets up a series of orthogonal 
transformations of special type in four variables and shows 
how, by properly combining them, the general transforma- 
tion involving six independent parameters may be con- 
structed. The fundamental, or generating substitution has 
the form 

Ow + + py +z, Ox — vw + zz, 


— pw + ve + Oy— — vw — pe + hy + &, 
[P+ P+ 


If 0, 4, », » be replaced by cos ¢, a, sin ¢, 2, sin ¢, a, sin ¢, 
the condition for orthogonality becomes 


a, +4, =1, 


independently of the value of ¢, and the substitution is 
completely characterized by the angle ¢ and a directrix a, 
whose direction cosines are a,, a,, a,. The symbol of the 
substitution being (¢, its inverse (¢, is obtained 
by changing the signs of all the terms of (¢, <,) except those 
of the principal diagonal. 

It is easily shown that the product of any two substitu- 
tions of the type (¢, 4,) is a third substitution of the same 
type. It then follows that all the substitutions of this type 
satisfy the conditions defining a group. The product of two 
substitutions having a common directrix «, but different 
arguments ¢, ¢’, is 


(9, 4) = (9+ 4). 
It follows by induction that 


(¢, 4,)" = (ng, 


Thus, all the substitutions (¢, «,), having a given directrix, 
form a group. The path curves of the transformations of 
this group are Clifford parallels. 

With every substitution (¢, <,) is coordinated another 
(¢, — 4,), obtained from (¢, «,) by interchanging the signs 
of its first column with those of its first row. All that has 
been said of (¢, 2,) is obviously true of (gy, —4,). Thesub- 
stitutions (y,—<,) form a group simply isomorphic with 
the group of the (¢, 4). All the substitutions of the type 
(¢, 4,) are permutable with those of the opposite type 
(¢, —4,), but not in general with one another. 


\ 


436 FIRST MEETING OF THE SAN FRANCISCO SECTION. [July, 


The general orthogonal substitution with six independent 
parameters may be compounded of two substitutions of 
opposite types (¢, 4,), (¢’,—4/), whose arguments and 
directrices are distinct. Interpreted geometrically such a 
resultant transformation represents a general displacement 
in elliptic or hyperbolic space. It has no invariant points. 

But two substitutions of opposite types having a common 
argument compound into a new special form representing a 
rotation about a fixed axis. If the components of this sub- 
stitution be (y, and (¢, a4/)—', then there is a comple- 
mentary substitution of the same form and having the same 
geometrical significance, whose components are (¢’, 4/) and 
(¢’, — @,), and the product of all of these 


(¢, a,) (¢, (¢’, a!) 4 (?’; a,) 


is, again. a general substitution with six independent param- 
eters. [Cf. the author’s paper in the Publications of the 
Congress of Mathematicians held at Paris in 1900.] 


Mr. Whitney’s paper called attention to the fact that 
relations between two complex variables define congruences 
of lines, the lines for instance obtained by joining corre- 
sponding points in the w-plane and z-plane. In the case of 
a linear relation between w and z with a certain simple 
choice of coordinates two linear complexes of a special 
character are obtained related to each other involutorically ; 
the axes of the congruence are imaginary. In general 
there is the problem of determining the special character of 
the complexes and the relations between them due to the 
differential equations that express the fact that w is a mono- 
genic function of z. 


Dr. Wilczynski shows that the covariants determined in 
@ previous paper prove a number of fundamental theorems 
in the projective theory of ruled surfaces. There are only 
three such covariants. The first leads to a congruence of 
lines made up of the generators of the first kind of all of 
the hyperboloids osculating a given ruled surface. One 
particular ;uled surface of this congruence is especially 
studied, and is closely associated with the given surface. 
The conditions are discussed under which the asymptotic 
lines of the two surfaces correspond to each other. The 
second covariant determines an involution on each genera- 
tor of the ruled surface, whose double points are the flec- 
nodes (using Cayley’s term) on that generator. The flec- 
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node curve is fundamental in this theory. A number of 
Cremona’s theorems on ruled surfaces with straight line 
directrices are generalized to apply to all ruled surfaces. 
Dr. Wilczynski gives both analytic and synthetic proofs of 
these theorems. The third covariant furnishes another 
congruence associated with a given surface, and in partic- 
ular a third ruled surface associated with the original one 
and the one already mentioned. A few brief remarks are 
made, showing how these covariant surfaces may serve to 
simplify the integration of the original system of differen- 
tial equations. This paper will be combined with the previ- 
ous paper on covariants for publication in the Transactions. 


E. J. WiLczynskI. 


MATHEMATICAL PROBLEMS.* 


LECTURE DELIVERED BEFORE THE INTERNATIONAL CON- 
GRESS OF MATHEMATICIANS AT PARIS IN 1900. 


BY PROFESSOR DAVID HILBERT. 


Wao of us would not be glad to lift the veil behind 
which the future lies hidden; to cast a glance at the next 
advances of our science and at the secrets of its development 
during future centuries? What particular goals will there 
be toward which the leading mathematical spirits of coming 
generations will strive? What new methods and new facts 
in the wide and rich field of mathematical thought will the 
new centuries disclose ? 

History teaches the continuity of the development of 
science. We know that every age has its own problems, 
which the following age either solves or casts aside as profit- 
less and replaces by new ones. If we would obtain an idea 
of the probable development of mathematical knowledge in 
the immediate future, we must let the unsettled questions 
pass before our minds and look over the problems which 
the science of to-day sets and whose solution we expect 
from the future. To such a review of problems the present 
day, lying at the meeting of the centuries, seems to me 
well adapted. For the close of a great epoch not only 
invites us to look back into the past but also directs our 
thoughts to the unknown future. 


* Translated for the BULLETIN, with the author’s permission, by Dr. 
MARY bend Newson. The original appeared in the Géttinger Nach- 
richten, 1900, pp. 253-297, and in the Archiv der Mathematik und Physik, 
3dser., vol. 1 Pi901), pp. 44-63 and 213-237. 
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The deep significance of certain problems for the advance 
of mathematical science in general and the important rdéle 
which they play in the work of the individual investigator 
are not to be denied. As long as a branch of science offers 
an,abundance of problems, so long is it alive ; a lack of prob- 
lems foreshadows extinction or the cessation of independent 
development. Just as every human undertaking pursues 
certain objects, so also mathematical research requires its 
problems. It is by the solution of problems that the inves- 
tigator tests the temper of his steel ; he finds new methods 
and new outlooks, and gains a wider and freer horizon. 

It is difficult and often impossible to judge the value of a 
problem correctly in advance ; for the final award depends 
upon the gain which science obtains from the problem. 
Nevertheless we can ask whether there are general criteria 
which mark a good mathematical problem. An old French 
mathematician said: ‘‘A mathematical theory is not to 
be considered complete until you have made it so clear that 
you can explain it to the first man whom you meet on the 
street.” This clearness and ease of comprehension, here 
insisted on for a mathematical theory, I should still more 
demand for a mathematical problem if it is to be perfect ; 
for what is clear and easily comprehended attracts, the com- 
plicated repels us. 

Moreover a mathematical problem should be difficult in 
order to entice us, yet not completely inaccessible, lest it 
mock at our efforts. It should be to us a guide post on 
the mazy paths to hidden truths, and ultimately a reminder 
of our pleasure in the successful solution. 

The mathematicians of past centuries were accustomed 
to devote themselves to the solution of difficult particular 
problems with passionate zeal. They knew the value of 
difficult problems. I remind you only of the ‘‘ problem of 
the line of quickest descent,’’ proposed by John Bernoulli. 
Experience teaches, explains Bernoulli in the public an- 
nouncement of this problem, that lofty minds are led to 
strive for the advance of science by nothing more than 
by laying before them difficult and at the same time useful 
problems, and he therefore hopes to earn the thanks of the 
mathematical world by following the example of men like 
Mersenne, Pascal, Fermat, Viviani and others and lay- 
ing before the distinguished analysts of his time a prob- 
lem by which, as a touchstone, they may test the value of 
their methods and measure their strength. The calculus 
of variations owes its origin to this problem of Bernoulli 
and to similar problems. 
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Fermat had asserted, as is well known, that the diophan- 
tine equation 


(x, y and z integers) is unsolvable—except in certain self- 
evident cases. The attempt to prove this impossibility 
offers a striking example of the inspiring effect which such 
a very special and apparently unimportant problem may 
have upon science. For Kummer, incited by Fermat’s 
problem, was led to the introduction of ideal numbers and 
to the discovery of the law of the unique decomposition of 
the numbers of a circular field into ideal prime factors—a 
law which to-day, in its generalization to any algebraic 
field by Dedekind and Kronecker, stands at the center of 
the modern theory of numbers and whose significance ex- 
tends far beyond the boundaries of number theory into the 
realm of algebra and the theory of functions. 

To speak of a very different region of research, I remind 
you of the problem of three bodies. The fruitful methods 
and the far-reaching principles which Poincaré has brought 
into celestial mechanics and which are to-day recognized and 
applied in practical astronomy are due to the circumstance 
that he undertook to treat anew that difficult problem and 
to approach nearer a solution. 

The two last mentioned problems—that of Fermat and 
the problem of the three bodies—seem to us almost like op- 
posite poles—the former a free invention of pure reason, be- 
longing to the region of abstract number theory, the latter 
forced upon us by astronomy and necessary to an under- 
standing of the simplest fundamental phenomena of nature. 

But it often happens also that the same special problem 
finds application in the most unlike branches of mathe- 
matical knowledge. So, for example, the problem of the 
shortest line plays a chief and historically important part 
in the foundations of geometry, in the theory of curved 
lines and surfaces, in mechanics and in the calculus of 
variations. And how convincingly has F. Klein, in his 
work on the icosahedron, pictured the significance which 
attaches to the problem of the regular polyhedra in ele- 
mentary geometry, in group theory, in the theory of equa- 
tions and in that of linear differential equations. 

In order to throw light on the importance of certain 
problems, I may also refer to Weierstrass, who spoke of it 
as his happy fortune that he found at the outset of his sci- 
entific career a problem so important as Jacobi’s problem 
of inversion on which to work. 
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Having now recalled to .mind the general importance 
of problems in mathematics, let us turn to the question 
from what sources this science derives its problems. Surely 
the first and oldest problems in every branch of mathe- 
matics spring from experience and are suggested by the 
world of external phenomena. Even the rules of calcu- 
lation with integers must have been discovered in this fash- 
ion in a lower stage of human civilization, just as the child 
of to-day learns the application of these laws by empirical 
methods. The same is true of the first problems of geom- 
etry, the problems bequeathed us by antiquity, such as the 
duplication of the cube, the squaring of the circle ; also the 
oldest problems in the theory of the solution of numerical 
equations, in the theory of curves and the differential 
and integral calculus, in the calculus of variations, the 
theory of Fourier series and the theory of potential—to 
say nothing of the further abundance of problems properly 
belonging to mechanics, astronomy and physics. 

But, in the further development of a branch ‘of mathe- 
matics, the human mind, encouraged by the success of its 
solutions, becomes conscious of itsindependence. It evolves 
from itself alone, often without appreciable influence from 
without, by means of logical combination, generalization, 
specialization, by separating and collecting ideas in fortu- 
nate ways, new and fruitful problems, and appears then it- 
self asthe real questioner. Thus arose the problem of prime 
numbers and the other problems of number theory, Galois’s 
theory of equations, the theory of algebraic invariants, the 
theory of abelian and automorphic functions; indeed almost 
all the nicer questions of modern arithmetic and function 
theory arise in this way. 

In the meantime, while the creative power of pure reason 
is at work, the outer world again comes into play, forces 
upon us new questions from actual experience, opens up 
new branches of mathematics, and while we seek to conquer 
these new fields of knowledge for the realm of pure thought, 
we often find the answers to old unsolved problems and thus 
at the same time advance most successfully the old theories. 
And it seems to me that the numerous and surprising anal- 
ogies and that apparently prearranged harmony which the 
mathematician so often perceives in the questions, methods 
and ideas of the various branches of his science, have their 
origin in this ever-recurring interplay between thought and 
experience. 

It remains to discuss briefly what general requirements 
may be justly laid down for the solution of a mathematical 
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problem. I should say first of all, this: that it shall be 
possible to establish the correctness of the solution by means 
of a finite number of steps based upon a finite number of 
hypotheses which are implied in the statement of the prob- 
lem and which must always be exactly formulated. This 
requirement of logical deduction by means of a finite num- 
ber of processes is simply the requirement of rigor in reason- 
ing. Indeed the requirement of rigor, which has become 
proverbial in mathematics, corresponds to a universal philo- 
sophical necessity of our understanding ; and, on the other 
hand, only by satisfying this requirement do the thought 
content and the suggestiveness of the problem attain their 
full effect. A new problem, especially when it comes from 
the world of outer experieuce, is like a young twig, which 
thrives and bears fruit-only when it is grafted carefully and 
in accordance with strict horticultural rules upon the old 
stem, the established achievements of our mathematical 
science. 

Besides it is an error to believe that rigor in the proof is 
the enemy of simplicity. On the contrary we find it con- 
firmed by numerous examples that the rigorous method is 
at the same time the simpler and the more easily com- 
prehended. The very effort for rigor forces us to find out 
simpler methods of proof. It also frequently leads the way 
to methods which are more capable of development than the 
old methods of less rigor. Thus the theory of algebraic 
curves experienced a considerable simplification and attained 
greater unity by means of the more rigorous function-theo- 
retical methods and the consistent introduction of transcen- 
dental devices. Further, the proof that the power series 
permits the application of the four elementary arithmetical 
operations as well as the term by term differentiation and 
integration, and the recognition of the utility of the power 
series depending upon this proof contributed materially to 
the simplification of all analysis, particularly of the theory 
of elimination and the theory of differential equations, and 
also of the existence proofs demanded in those theories. 
But the most striking example for my statement is the cal- 
culus of variations. The treatment of the first and second 
variations of definite integrals required in part extremely 
complicated calculations, and the processes applied by the old 
mathematicians had not the needful rigor. Weierstrass 
showed us the way to a new and sure foundation of the 
calculus of variations. By the examples of the simple and 
double integral I will show briefly, at the close of my lecture, 
how this way leads at once to a surprising simplification of 
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the calculus of variations. For in the demonstration of the 
necessary and sufficient criteria for the occurrence of a maxi- 
mum and minimum, the calculation of the second variation 
and in part, indeed, the wearisome reasoning connected with 
the first variation may be completely dispensed with—to say 
nothing of the advance which is involved in the removal of 
the restriction to variations for which the differential coeffi- 
cients of the function vary but slightly. 

While insisting on rigor in the proof as a requirement for 
a perfect solution of a problem, I should like, on the other 
hand, to oppose the opinion that only the concepts of analy- 
sis, or even those of arithmetic alone, are susceptible of a fully 
rigorous treatment. This opinion, occasionally advocated 
by eminent men, I consider entirely erroneous. Such a one- 
sided interpretation of the requirement of rigor would soon 
lead to the ignoring of all concepts arising from geometry, 
mechanics and physics, to a stoppage of the flow of new 
material from the outside world, and finally, indeed, as a 
last consequence, to the rejection of the ideas of the con- 
tinuum and of the irrational number. But what an impor- 
tant nerve, vital to mathematical science, would be cut by 
the extirpation of geometry and mathematical physics! On 
the contrary I think that wherever, from the side of the 
theory of knowledge or in geometry, or from the theories of 
natural or physical science, mathematical ideas come up, 
the problem arises for mathematical science to investigate 
the principles underlying these ideas and so to establish 
them upon a simple and complete system of axioms, that the 
exactness of the new ideas and their applicability to deduc- 
tion shall be in no respect inferior to those of the old arith- 
metical concepts. 

To new concepts correspond, necessarily, new signs. 
These we choose in such a way that they remind us of the 
phenomena which were the occasion for the formation of 
the new concepts. So the geometrical figures are signs or 
mnemonic symbols of space intuition and are used as such 
by all mathematicians. Who does not always use along 
with the double inequality a>b>c the picture of three 
points following one another on a straight line as the 
geometrical picture of the idea ‘‘ between’’? Who does 
not make use of drawings of segments and rectangles en- 
closed in one another, when it is required to prove with 
perfect rigor a difficult theorem on the continuity of func- 
tions or the existence of points of condensation? Who 
could dispense with the figure of the triangle, the circle 
with its center, or with the cross of three perpendicular 
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axes? Or who would give up the representation of the 
vector field, or the picture of a family of curves or surfaces 
with its envelope which plays so important a part in differ- 
ential geometry, in the theory of differential equations, in 
the foundation of the calculus of variations and in other 
purely mathematical sciences ? 

The arithmetical symbols are written diagrams and the 
geometrical figures are graphic formulas ; and no mathemati- 
cian could spare these graphic formulas, any more than in 
calculation the insertion and removal of parentheses or the 
use of other analytical signs. 

The use of geometrical signs as a means of strict proof 
presupposes the exact knowledge and complete mastery of 
the axioms which underlie those figures ; and in order that 
these geometrical figures may be incorporated in the general 
treasure of mathematical signs, there is necessary a rigor- 
ous axiomatic investigation of their conceptual content. 
Just as in adding two numbers, one must place the digits 
under each other in the right order, so that only the rules 
of calculation, 7. e., the axioms of arithmetic, determine the 
correct use of the digits, so the use of geometrical signs is 
determined by the axioms of geometrical concepts and their 
combinations. 

The agreement between geometrical and arithmetical 
thought is shown also in that we do not habitually follow 
the chain of reasoning back to the axioms in arithmetical, 
any more than in geometrical discussions. On the contrary 
we apply, especially in first attacking a problem, a rapid, 
unconscious, not absolutely sure combination, trusting to a 
certain arithmetical feeling for the behavior of the arith- 
metical symbols, which we could dispense with as little in 
arithmetic as with the geometrical imagination in geometry. 
Asan example of an arithmetical theory operating rigorously 
with geometrical ideas and signs, I may mention Min- 
kowski’s work, Die Geometrie der Zahlen. * 

Some remarks upon the difficulties which mathematical 
problems may offer, and the means of surmounting them, 
may be in place here. 

If we do not succeed in solving a mathematical problem, 
the reason frequently consists in our failure to recognize 
the more general standpoint from which the problem before 
us appears only as a single link in a chain of related prob- 
lems. After finding this standpoint, not only is this prob- 
lem frequently more accessible to our investigation, but at 
the same time we come into possession of a method which 


* Leipzig, 1896. 
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is applicable also to related problems. The introduction of 
complex paths of integration by Cauchy and of the notion 
of the 1pEALs in number theory by Kummer may serve as 
examples. This way for finding general methods is certainly 
the most practicable and the most certain ; for he who seeks 
for methods without having a definite problem in mind seeks 
for the most part in vain. 

In dealing with mathematical problems, specialization 
plays, as I believe, a still more important part than general- 
ization. Perhaps in most cases where we seek in vain the 
answer to a question, the cause of the failure lies in the 
fact that problems simpler and easier than the one in hand 
have been either not at all or incompletely solved. All 
depends, then, on finding out these easier problems, and 
on solving them by means of devices as perfect as possible 
and of concepts capable of generalization. This rule is one 
of the most important levers for overcoming mathematical 
difficulties and it seems to me that it is used almost always, 
though perhaps unconsciously. 

Occasionally it happens that we seek the solution under 
insufficient hypotheses or in an incorrect sense, and for this 
reason do not succeed. The problem then arises: to show 
the impossibility of the solution under the given hypotheses, 
or in the sense contemplated. Such proofs of impossibility 
were effected by the ancients, for instance when they showed 
that the ratio of the hypotenuse to the side of an isosceles 
right triangle is irrational. In later mathematics, the ques- 
tion as to the impossibility of certain solutions plays a 
preéminent part, and we perceive in this way that old and 
difficult problems, such as the proof of the axiom of paral- 
lels, the squaring of the circle, or the solution of equa- 
tions of the fifth degree by radicals have finally found 
fully satisfactory and rigorous solutions, although in another 
sense {than that originally intended. It is probably this 
important fact along with other philosophical reasons that 
gives rise to the conviction (which every mathematician 
shares, but which no one has as yet supported by a proof) that 
every definite mathematical problem must necessarily be sus- 
ceptible of an exact settlement, either in the form of an 
actual answer to the question asked, or by the proof of the 
impossibility of its solution and therewith the necessary fail- 
ure of all attempts. Take any definite unsolved problem, 
such as the question as to the irrationality of the Euler- 
Mascheroni constant C, or the existence of an infinite 
number of prime numbers of the form 2*+1. However 
unapproachable these problems may seem to us and how- 
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ever helpless we stand before them, we have, nevertheless, 
the firm conviction that their solution must follow by a 
finite number of purely logical processes. 

Is this axiom of the solvability of every problem a pecu- 
liarity cha» teristic of mathematical thought alone, or is it 
possibly a general law inherent in the nature of the mind, 
that all quesvions which it asks must be answerable? For in 
other sciences also one meets old problems which have been 
settled in a manner most satisfactory and most useful to 
science by the proof of their impossibility. I instance the 
problem of perpetual motion. After seeking in vain for the 
construction of a perpetual motion machine, the relations 
were investigated which must subsist between the forces of 
nature if such a machine is to be impossible ; * and this in- 
verted question led to the discovery of the law of the con- 
servation of energy, which, again, explained the impossi- 
bility of perpetual motion in the sense originally intended. 

This conviction of the solvability of every mathematical 
problem is a powerful incentive to the worker. We hear 
within us the perpetual call: There is the problem. Seek 
its solution. You can find it by pure reason, for in mathe- 
matics there is no ignorabimus. 

The supply of problems in mathematics is inexhaustible, 
and as soon as one problem is solved numerous others come 
forth in its place. Permit me in the following, tentatively 
as it were, to mention particular definite problems, drawn 
from various branches of mathematics, from the discussion 
of which an advancement of science may be expected. 

Let us look at the principles of analysis and geometry. 
The most suggestive and notable achievements of the last 
century in this field are, as it seems to me, the arith- 
metical formulation of the concept of the continuum in the 
works of Cauchy, Bolzano and Cantor, and the discovery 
of non-euclidean geometry by Gauss, Bolyai, and Loba- 
chevsky. I therefore first direct your attention to some 
problems belonging to these fields. 


1. CanToR’s PROBLEM OF THE CARDINAL NUMBER OF 
THE CONTINUUM. 


Two systems, i. e , two assemblages of ordinary real num- 
bers or points, are said to be (according to Cantor) equiva- 
lent or of equal cardinal number, if they can be brought into 
a relation to one another such that to every number of 
the one assemblage corresponds one and only one defi- 


*See Helmholtz, ‘‘ Ueber die Wechselwirkung der Naturkraefte und 
die darauf beziiglichen neuesten Ermittelungen der Physik ’’; Vortrag, 
gehalten in Konigsberg, 1854. 
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nite number of the other. The investigations of Cantor 
on such assemblages of points suggest a very plausible 
theorem, which nevertheless, in spite of the most strenu- 
ous efforts, no one has succeeded in proving. This is the 
theorem : 

Every system of infinitely many real numbers, i. e., every 
assemblage of numbers (or points), is either equivalent to 
the assemblage of natural integers, 1, 2, 3,--- or to the assem- 
blage of all real numbers and therefore to the continuum, 
that is, to the points of a line ; as regards equivalence there 
are, therefore, only two assemblages of numbers, the countable as- 
semblage and the continuum. 

From this theorem it would follow at once that the con- 
tinuum has the next cardinal number beyond that of the 
countable assemblage; the proof of this theorem would, 
therefore, form a new bridge between the countable assem- 
blage and the continuum. 

Let me mention another very remarkable statement of 
Cantor’s which stands in the closest connection with the 
theorem mentioned and which, perhaps, offers the key to 
its proof. Any system of real numbers is said to be ordered, 
if for every two numbers of the system it is determined which 
one is the earlier and which the later, and if at the same time 
this determination is of such a kind that, if ais before 6 and 
b is before c, then a always comes before ec. The natural 
arrangement of numbers of a system is defined to be that 
in which the smaller precedes the larger. But there are, 
as is easily seen, infinitely many other ways in which the 
numbers of a system may be arranged. 

If we think of a definite arrangement of numbers and 
select from them a particular system of these numbers, a 
so-called partial system or assemblage, this partial system 
will also prove to be ordered. Now Cantor considers a 
particular kind of ordered assemblage which he designates 
as a well ordered assemblage and which is characterized 
in this way, that not only in the assemblage itself but 
also in every partial assemblage there exists a first number. 
The system of integers 1, 2, 3, --- in their natural order is 
evidently a well ordered assemblage. On the other hand 
the system of all real numbers, i. e., the continuum in its 
natural order, is evidently not well ordered. For, if we 
think of the points of a segment of a straight line, with its 
initial point excluded, as our partial assemblage, it will have 
no first element. 

The question now arises whether the totality of all num- 
bers may not be arranged in another manner so that every 
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partial. assemblage may have a first element, i. ¢., whether 
the continuum cannot be considered as a well ordered 
assemblage—a question which Cantor thinks must be an- 
swered in the affirmative. It appears to me most desirable 
to obtain a direct proof of this remarkable statement of 
Cantor’s, perhaps by actually giving an arrangement of 
numbers such that in every partial system a first number 
can be pointed out. 


2. Tue CoMPATIBILITY OF THE ARITHMETIOAL AxtoMs. 


When we are engaged in investigating the foundations of 
@ science, we must set up a system of axioms which con- 
tains an exact and complete description of the relations 
subsisting between the elementary ideas of that science. 
The axioms so set up are at the same time the definitions 
of those elementary ideas; and no statement within the 
realm of the science whose foundation we are testing is held 
to be correct unless it can be derived from those axioms by 
means of a finite number of logical steps. Upon closer con- 
sideration the question arises: Whether, in any way, certain 
statements of single axioms depend upon one another, and whether 
the axioms may not therefore contain certain parts in common, 
which must be isolated if one wishes to arrive at a system of 
axioms that shall be altogether independent of one another. 

But above all I wish to designate the following as the 
most important among the numerous questions which can 
be asked with regard to the axioms: To prove that they are 
not contradictory, that is, that a finite number of logical steps based 
upon them can never lead to contradictory results. 

In geometry, the proof of the compatibility of the axioms 
can be effected by constructing a suitable field of numbers, 
such that analogous relations between the numbers of this 
field correspond to the geometrical axioms. Any contradic- 
tion in the deductionsfrom thegeometrical axioms mustthere- 
upon be recognizable in the arithmetic of this field of num- 
bers. In this way the desired proof for the compatibility of 
the geometrical axioms is made to depend upon the theorem 
of the compatibility of the arithmetical axioms. 

On the other hand a direct method is needed for the 
proof of the compatibility of the arithmetical axioms. The 
axioms of arithmetic are essentially nothing else than the 
known rules of calculation, with the addition of the axiom 
of continuity. I recently collected them * and in so doing 


* Jahresbericht der Deutschen Mathematiker-Vereinigung, vol. 8 (1900), 
p. 180. 
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replaced the axiom of continuity by two simpler axioms, 
namely, the well-known axiom of Archimedes, and a 
new axiom essentially as follows: that numbers form a 
system of things which is capable of no further extension, 
as long as all the other axioms hold (axiom of completeness). 
I am convinced that it must be possible to find a direct 
proof for the compatibility of the arithmetical axioms, by 
means of a careful study and suitable modification of the 
known methods of reasoning in the theory of irrational 
numbers. 

To show the significance of the problem from another 
point of view, I add the following observation: If con- 
tradictory attributes be assigned to a concept, I say, that 
mathematically the concept oes not exist. So, for example, a 
real number whose square is —1 does not exist mathe- 
matically. But if it can be proved that the attributes 
assigned to the concept can never lead to a contradiction 
by the application of a finite number of logical processes, 
I say that the mathematical existence of the concept (for 
example, of a number or a function which satisfies cer- 
tain conditions) is thereby proved. In the case before us, 
where we are concerned with the axioms of real numbers 
in arithmetic, the proof of the compatibility of the axioms 
is at the same time the proof of the mathematical existence 
of the complete system of real numbers or of the con- 
tinuum. Indeed, when the proof for the compatibility of 
the axioms shall be fully accomplished, the doubts which 
have been expressed occasionally as to the existence of the 
complete system of real numbers will become totally 
groundless. The totality of real numbers, i. e., the con- 
tinuum according to the point of view just indicated, is not 
the totality of all possible series in decimal fractions, or of all 
possible laws according towhich the elements of a fundamen- 
tal sequence may proceed. It is rather a system of things 
whose mutual relations are governed by the axioms set up 
and for which all propositions, and only those, are true which 
can be derived from the axioms by a finite number of logical 
processes. In my opinion, the concept of the continuum is 
strictly logically tenable in this sense only. It seems to me, 
indeed, that this corresponds best also to what experience and 
intuition tell us. The concept of the continuum or even 
that of the system of all functions exists, then, in exactly 
the same sense as the system of integral, rational numbers, 
for example, or as Cantor’s higher classes of numbers and 
cardinal numbers. For I am convinced that the existence of 
the latter, just as that of the continuum, can be proved in 


1902. ] HILBERT : MATHEMATICAL PROBLEMS. 449 


the sense I have described ; unlike the system of all car- 
dinal numbers or of all Cantor’s alephs, for which, as may be 
shown, a system of axioms, compatible in my sense, cannot 
be set up. Either of these systems is, therefore, according 
to my terminology, mathematically non-existent. 

From the field of the foundations of geometry I should 
like to mention the following problem : 


8. THE EQuaLiTy OF THE VOLUMES OF Two TETRAHEDRA 
oF Equat Basses AND ALTITUDES. 


In two letters to Gerling, Gauss * expresses his regret that 
certain theorems of solid geometry depend upon the method 
of exhaustion, i. e., in modern phraseology, upon the axiom 
of continuity (or upon the axiom of Archimedes). Gauss 
mentions in particular the theorem of Euclid, that triangular 
pyramids of equal altitudes are to each other as their bases. 
Now the analogous problem in the plane has been solved.+ 
Gerling also succeeded in proving the equality of volume of 
symmetrical polyhedra by dividing them into congruent 
parts. Nevertheless, it seems to me probable that a general 
proof of this kind for the theorem of Euclid just mentioned 
is impossible, and it should be our task to give a rigor- 
ous proof of its impossibility. This would be obtained, as 
soon as we succeeded in specifying two tetrahedra of equal 
bases and equal altitudes which can in no way be split up into con- 
gruent tetrahedra, and which cannot be combined with congruent 
tetrahedra to form two polyhedra which themselves could be split up 
into congruent tetrahedra. 


4. PROBLEM OF THE STRAIGHT LINE AS THE SHORTEST Di1s- 
TANCE BETWEEN Two Points. 


Another problem relating to the foundations of geom- 
etry is this: If from among the axioms necessary to 
establish ordinary euclidean geometry, we exclude the 
axiom of parallels, or assume it as not satisfied, but retain 
all other axioms, we obtain, as is well known, the geom- 
etry of Lobachevsky (hyperbolic geometry). We may 
therefore say that this is a geometry standing next to 


* Werke, vol. 8, pp. 241 and 244. 

t Cf., beside earlier literature, Hilbert, Grundlagen der Geometrie, Leip- 
zig, 1899, ch. 4. [Translation by Townsend, Chicago, 1902. 

tSince this was written Herr Dehn has succeeded in proving this im- 
possibility. See his note: ‘‘ Ueber raumgleiche Polyeder,’’ in Nach- 
richten d. K. Gesellsch. d. Wiss. zu Gottingen, 1900, and a paper soon to 
appear in the Math. Annalen [vol. 55, pp. 465-478]. 
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euclidean geometry. If we require further that that axiom 
be not satisfied whereby, of three points of a straight 
line, one and only one lies between the other two, we obtain 
Riemann’s (elliptic) geometry, so that this geometry ap- 
pears to be the next after Lobachevsky’s. If we wish to 
carry out a similar investigation with respect to the axiom 
of Archimedes, we must look upon this as not satisfied, and 
we arrive thereby at the non-archimedean geometries which 
have been investigated by Veronese and myself. The more 
general question now arises: Whether from other sugges- 
tive standpoints geometries may not be devised which, with 
equal right, stand next to euclidean geometry. Here I 
should like to direct your attention to a theorem which 
has, indeed, been employed by many authors as a defini- 
tion of a straight line, viz., that the straight line is the 
shortest distance between two points. The essential con- 
tent of this statement reduces to the theorem of Euclid that 
in a triangle the sum of two sides is always greater than the 
third side—a theorem which, as is easily seen, deals solely 
with elementary concepts, i. ¢., with such as are de- 
rived directly from the axioms, and is therefore more acces- 
sible to logical investigation. Euclid proved this theorem, 
with the help of the theorem of the exterior angle, on the 
basis of the congruence theorems. Now it is readily shown 
that this theorem of Euclid cannot be proved solely on 
the basis of those congruence theorems which relate to the 
application of segments and angles, but that one of the 
theorems on the congruence of triangles is necessary. We 
are asking, then, for a geometry in which all the axioms of 
ordinary euclidean geometry hold, and in particular all 
the congruence axioms except the one of the congruence of 
triangles (or all except the theorem of the equality of the 
base angles in the isosceles triangle), and in which, besides, 
the proposition that in every triangle the sum of two sides is 
greater than the third is assumed as a particular axiom. 

One finds that such a geometry really exists and is no 
other than that which Minkowski constructed in his book, 
Geometrie der Zahlen,* and made the basis of his arith- 
metical investigations. Minkowski’s is therefore also a 
geometry standing next to the ordinary euclidean geometry; 
it is essentially characterized by the following stipulations : 

1. The points which are at equal distances from a fixed 
point O lie on a convex closed surface of the ordinary eucli- 
dean space with O as a center. 


* Leipzig, 1896. 
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2. Two segments are said to be equal when one can be 
carried into the other by a translation of the ordinary 
euclidean space. 

In Minkowski’s geometry the axiom of parallels also 
holds. By studying the theorem of the straight line as the 
shortest distance between two points, I arrived* at a 
geometry in which the parallel axiom does not hold, while 
all other axioms of Minkowski’s geometry are satisfied. The 
theorem of the straight line as the shortest distance between 
two points and the essentially equivalent theorem of Euclid 
about the sides of a triangle, play an important part not 
only in number theory but also in the theory of surfaces 
and in the calculus of variations. For this reason, and 
because I believe that the thorough investigation of the 
conditions for the validity of this theorem will throw a new 
light upon the idea of distance, as well as upon other 
elementary ideas, e. g., upon the idea of the plane, and 
the possibility of its definition by means of the idea of 
the straight line, the construction and systematic treatment of 
the geometries here possible seem to me desirable. 


5. Concert oF A Continuous Group oF TRANs- 
FORMATIONS WITHOUT THE ASSUMPTION OF THE 
DIFFERENTIABILITY OF THE FUNCTIONS 
DEFINING THE GROUP. 


It is well known that Lie, with the aid of the concept of 
continuous groups of transformations, has set up a system of 
geometrical axioms and, from the standpoint of his theory 
of groups, has proved that this system of axioms suffices for 
geometry. But since Lie assumes, in the very foundation 
of his theory, that the functions defining his group can be 
differentiated, it remains undecided in Lie’s development, 
whether the assumption of the differentiability in con- 
nection with the question as to the axioms of geometry 
is actually unavoidable, or whether it may not appear 
rather as a consequence of the group concept and the other 
geometrical axioms. This consideration, as well as certain 
other problems in connection with the arithmetical axioms, 
brings before us the more general question: How far Lie’s 
concept of continuous groups of transformations is approachable in 
our investigations without the assumption of the differentiability of 
the functions. 


* Math. Annalen, vol. 46, p. 91. 
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Lie defines a finite continuous group of transformations 
as a system of transformations 


having the property that any two arbitrarily chosen trans- 
formations of the system, as 


applied sucessively result in a transformation which also 
belongs to the system, and which is therefore expressible in 
the form 


where ¢,, ---, ¢, are certain functions of a,, ---, a, and b,, ---, b,. 
The group property thus finds its full expression in a sys- 
tem of functional equations and of itself imposes no ad- 
ditional restrictions upon the functions f,, ---, ¢, ¢. 
Yet Lie’s further treatment of these functional equations, 
viz., the derivation of the well-known fundamental differ- 
ential equations, assumes necessarily the continuity and dif- 
ferentiability of the functions defining the group. 

As regards continuity: this postulate will certainly be 
retained for the present—if only with a view to the geo- 
metrical] and arithmetical applications, in which the contin- 
uity of the functions in question appears as a consequence of 
the axiom of continuity. On the other hand the differenti- 
ability of the functions defining the group contains a postu- 
late which, in the geometrical axioms, can be expressed 
only in a rather foreed and complicated manner. Hence 
there arises the question whether, through the introduction 
of suitable new variables and parameters, the group can 
always be transformed into one whose defining func- 
tions are differentiable; or whether, at least with the help 
of certain simple assumptions, a transformation is possible 
into groups admitting Lie’s methods. A reduction to anal- 
ytic groups is, according to a theorem announced by Lie * but 
first proved by Schur,+ always possible when the group is 
transitive and the existence of the first and certain second 
derivatives of the functions defining the group is assumed. 


Engel, Theorie der Transformationsgruppen, vol. 3, Leipzig, 
1893, 27.82, 144. 

+e Ueber den analytischen Charakter der eine endliche Kontinuier- 
liche Transformationsgruppen darstellenden Funktionen,’ Dfath. An- 
nalen, vol. 41. 
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For infinite groups the investigation of the corres- 
ponding question is, I believe, also of interest. Moreover 
we are thus led to the wide and interesting field of 
functional equations which have been heretofore investi- 
gated usually only under the assumption of the differen- 
tiability of the functions involved. In particular the func- 
tional equations treated by Abel * with so much ingenuity, 
the difference equations, and other equations occurring in 
the literature of mathematics, do not directly involve 
anything which necessitates the requirement of the dif- 
ferentiability of ‘he accompanying functions. In the search 
for certain existence proofs in the calculus of variations 
I came directly upon the problem: To prove the differen- 
tiability of the function under consideration from the exist- 
ence of a difference equation. In all these cases, then, 
the problem arises: In how far are the assertions which we can 
make in the ease of differentiable functions true under proper 
modifications without this assumption ? 

It may be further remarked that H. Minkowski in his 
above-mentioned Geometrie der Zahlen starts with the func- 
tional equation 


and from this actually succeeds in proving the existence 
of certain differential quotients for the function in ques- 
tion. 

On the other hand I wish to emphasize the fact that there 
certainly exist analytical functional equations whose sole 
solutions are non-differentiable functions. For example a 
uniform continuous non-differentiable function ¢(z) can 
be constructed which represents the only solution of the 
two functional equations 


+%)—¢(z) 


where a and f are two real numbers, and f(z) denotes, for all 
the real values of z, a regular analytic uniform function. 
Such functions are obtained in the simplest manner by means 
of trigonometrical series by a process similar to that used by 
Borel (according to a recent announcement of Picard)+ for 
the construction of a doubly periodic, non-analytic solution 
of a certain analytic partial differential equation. 


* Werke, vol. 1, pp. 1, 61, 389. 
+ ‘‘Quelques théories fondamentales dans l’analyse mathématique,”’ 
Conférences faites 4 Clark University, Revue générale des Sciences, 1900, p. 22. 
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6. MATHEMATICAL TREATMENT OF THE Axioms of Puysics. 


The investigations on the foundations of geometry suggest 
the problem: To treat in the same manner, by means. of azi- 
oms, those physical sciences in which mathematics plays an impor- 
tant part ; in the first rank are the theory of probabilities and me- 
chanics. 

As to the axioms of the theory of probabilities,* it seems 
to me desirable that their logical investigation should be 
accompanied by a rigorous and satisfactory development 
of the method of mean values in mathematical physics, and 
in particular in the kinetic theory of gases. 

Important investigations by physicists on the foundations 
of mechanics are at hand ; I refer to the writings of Mach,t 
Hertz,{ Boltzmann § and Volkmann.|| It is therefore very 
desirable that the discussion of the foundations of mechanics 
be taken up by mathematicians also. Thus Boltzmann’s 
work on the principles of mechanics suggests the problem 
of developing mathematically the limiting processes, there 
merely indicated, which lead from the atomistic view to the 
laws of motion of continua. Conversely one might try to 
derive the laws of the motion of rigid bodies by a limiting 
process from a system of axioms depending upon the idea 
of continuously varying conditions of a material filling 
all space continuously, these conditions being defined by 
parameters. For the question as to the equivalence of 
different systems of axioms is always of great theoretical 
interest. 

If geometry is to serve as a model for the treatment of 
physical axioms, we shall try first by a small number of 
axioms to include as large a class as possible of physical 
phenomena, and then by adjoining new axioms to arrive 
gradually at the more special theories. At the same time 
Lie’s a principle of subdivision can perhaps be derived from 
profound theory of infinite transformation groups. The 
mathematician will have also to take account not only of 
those theories coming near to reality, but also, as in geometry, 
of all logically possible theories. He must be always alert 
to obtain a complete survey of all conclusions derivable 
from the system of axioms assumed. 


* Cf. Bohlmann, “‘ Ueber Versicherungsmathematik’’, from the colleo- 
tion : Klein and Riecke, Ueber angewandte Mathematik und Physik, 
Leipzig, 1900. 

+ Die Mechanik in ihrer Entwickelung, ss 4th edition, 1901. 

t Die Prinzipien der Mechanik, Leipzig, 1894. - 

§ Vorlesungen tiber die Principe der Mechanik, Leipzig, 1897. 

|| Einfibrung in das Studium der theoretischen Physik, Leipzig, 1900. 
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Further, the mathematician has the duty to test exactly in 
each instance whether the new axioms are compatible with 
the previous ones. The physicist, as his theories develop, 
often finds himself forced by the results of his experiments 
to make new hypotheses, while he depends, with respect 
to the compatibility of the new hypotheses with the old 
axioms, solely upon these experiments or upon a certain 
physical intuition, a practice which in the rigorously logical 
building up of a theory is not admissible. The desired proof 
of the compatibility of all assumptions seems to me also of 
importance, because the effort to obtain such proof always 
forces us most effectually to an exact formulation of the 
axioms. 


So far we have considered only questions concerning the 
foundations of the mathematical sciences. Indeed, the study 
of the foundations of a science is always particularly attrac- 
tive, and the testing of these foundations will always be 
among the foremost problems of the investigator. Weier- 
strass once said, ‘‘ The final object always to be kept in 
mind is to arrive at a correct understanding of the founda- 
tions of the science. * * * But to make any progress in 
the sciences the study of particular problems is, of course, 
indispensable.’’ In fact, a thorough understanding of its 
special theories is necessary to the successful treatment of 
the foundations of the science. Only that architect is in the 
position to lay a sure foundation for a structure who knows 
its purpose thoroughly and in detail. So we turn now to 
the special problems of the separate branches of mathematics 
and consider first arithmetic and algebra. 


7. IRRATIONALITY AND TRANSCENDENCE OF CERTAIN 
NUMBERS. 


Hermite’s arithmetical theorems on the exponential func- 
tion and their extension by Lindemann are certain of the 
admiration of all generations of mathematicians. Thus the 
task at once presents itself to penetrate further along the 
path here entered, as A. Hurwitz has already done in 
two interesting papers,* ‘‘ Ueber arithmetische Eigen- 
schaften gewisser transzendenter Funktionen.’’ I should 
like, therefore, to sketch a class of problems which, in my 
opinion, should be attacked as here next in order. That 
certain special transcendental functions, important in analy- 


* Math. Annalen, vols. 22, 32 (1883, 1888). 
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sis, take algebraic values for certain algebraic arguments, 
seems to us particularly remarkable and worthy of thorough 
investigation. Indeed, we expect transcendental functions 
to assume, in general, transcendental values for even alge- 
braic arguments; and, although it is well known that there 
exist integral transcendental functions which even have ra- 
tional values for all algebraic arguments, we shall still con- 
sider it highly probable that the exponential function e'*, 
for example, which evidently has algebraic values for all ra- 
tional arguments z, will on the other hand always take 
transcendental values for irrational algebraic values of the 
argument z. We can also give this statement a geometrical 
form, as follows : 

If, in an isosceles triangle, the ratio of the base angle to the 
angle at the vertex be algebraic but not rational, the ratio between 
base and side is always transcendental. 

In spite of the simplicity of this statement and of its 
similarity to the problems solved by Hermite and Linde- 
mann, I consider the proof of this theorem very difficult ; 
as also the proof that 

The expression a®, for an algebraic base a and an irrational al- 
gebraic exponent e. g., the number or = always rep- 
resents a transcendental or at least an irrational number. 

It is certain that the solution of these and similar problems 
must lead us to entirely new methods and to a new insight 
into the nature of special irrational and transcendental 
numbers. 


8. PRoBLEMS OF PRIME NUMBERS. 


Essential progress in the theory of the distribution of 
prime numbers has lately been made by Hadamard, de la 
Vallée-Poussin, Von Mangoldt and others. For the com- 
plete solution, however, of the problems set us by Riemann’s 
paper ‘‘ Ueber die Anzahl der Primzahlen unter einer gege- 
benen Grdosse,’’ it still remains to prove the correctness of 
an exceedingly important statement of Riemann, viz., that 
the zero points of the function €(s) defined by the series 


r — 1 1 1 eee 


all have the real part 4, except the well-known negative in- 
tegral real zeros. As soon as this proof has been success- 
fully established, the next problem would consist in testing 
more exactly Riemann’s infinite series for the number of 
primes below a given number and, especially, to decide 
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whether the difference between the number of primes below a num- 
ber x and the integral logarithm of x does in fact become infinite 
of an order not greater than 4 im x.* Further, we should 
determine whether the occasional condensation of prime 
numbers which has been noticed in counting primes 
is really due to those terms of Riemann’s formula which 
depend upon the first complex zeros of the function £(s). « 

After an exhaustive discussion of Riemann’s prime num- 
ber formula, perhaps we may sometime be in a position to 
attempt the rigorous solution of Goldbach’s problem,+ 
viz., whether every integer is expressible as the sum of two 
positive prime numbers ; and further to attack the well- 
known question, whether there are an infinite number of 
pairs of prime numbers with the difference 2, or even the 
more general problem, whether the linear diophantine equa- 
tion 

az + by +ce=0 


(with given integral coefficients each prime to the others) 
is always solvable in prime numbers z and y. 

But the following problem seems to me of no less interest 
and perhaps of still wider range: To apply the results ob- 
tained for the distribution of rational prime numbers to the theory 
of the distribution of ideal primes in a given number-field k— 
a problem which looks toward the study of the function *,(s) 
belonging to the field and defined by the series 


1 

=> nj)” 

where the sum extends over all ideals 7 of the given realm 
k, and n(j) denotes the norm of the ideal j. 


I may mention three more special problems in number 
theory : one on the laws of reciprocity, one on diophantine 
equations, and a third from the realm of quadratic forms. 


9. Proor oF THE Most GENERAL LAW OF RECIPROCITY 
In Any NumBeEr FIELD. 


For any field of numbers the law of reciprocity is to be proved 
for the residues of the Ith power, when I denotes an odd prime, 
and further when / is a power of 2 or a power of an odd 
prime. 


* Cf. an article by H. von Koch, which is soon to appear in the Math. 
Annalen [Vol. 55, p. 441]. 

+Cf. P. Stackel: ‘‘Uber Goldbach’s empirisches Theorem,’’ Nach- 
richten d. K. Ges. d. Wiss. zu Gottingen, 1896, and Landau, ibid., 1900. 


— 
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The law, as well as the means essential to its proof, will, 
I believe, result by suitably generalizing the theory of the 
field of the [th roots of unity,* developed by me, and my 
theory of relative quadratic fields.+ 


10. DETERMINATION OF THE SOLVABILITY OF A DIOPHAN- 
TINE EQUATION. 


Given a diophantine equation with any number of un- 
known quantities and with rational integral numerical 
coefficients : To devise a process according to which it ean be deter- 
mined by a finite number of operations whether the equation is 
solvable in rational integers. 


11. QuaprRatic Forms WitH Any ALGEBRAIC NUMERICAL 
CoEFFICIENTS. 


Our present knowledge of the theory of quadratic number 
fields { puts us in a position to attack successfully the theory of 
quadratic forms with any number of variables and with any alge- 
braic numerical coefficients. This leads in particular to the 
interesting problem : to solve a given quadratic equation 
with algebraic numerical coefficients in any number of 
variables by integral or fractional numbers belonging to the 
algebraic realm of rationality determined by the coefficients. 


The following important problem may form a transition 
to algebra and the theory of functions : 


12. EXTENSION OF KRONECKER’S THEOREM ON ABELIAN 
FIeELDs To ANY ALGEBRAIC REALM OF RATIONALITY. 


The theorem that every abelian number field arises 
from the realm of rational numbers by the composition of 
fields of roots of unity is due to Kronecker. This funda- 
mental theorem in the theory of integral equations con- 
tains two statements, namely : 

First. It answers the question as to the number and 


* Jahresber. d. Deutschen Math.-Vereinigung, ‘‘ Ueber die Theorie der 
algebraischen Zahlkorper,’’ vol. 4 (1897), Part V. 

+ Math. Annalen, vol. 51 and Nachrichten d. K. Ges. d. Wiss. zu Got- 
tingen, 1898. 

t Hilbert, ‘‘ Ueber den Dirichlet’schen biquadratischen Zahlenkorper,”’ 
Math. Annalen, vol. 45; ‘‘Ueber die Theorie der relativquadratischen 
Zablkorper,’’ Jahresber. d. Deutschen Mathematiker-Vereinigung, 1897, and 
Math. Annalen, vol. 51; ‘‘ Ueber die Theorie der relativ-Abelschen 
Korper,’’ Nachrichten d. K. Ges. d. Wiss. zu Gottingen, 1898 ; Grundlagen 
der Geometrie, Leipzig, 1899, Chap. VIII, 283 [Translation by Town- 
send, Chicago, 1902]. Cf. also the dissertation of G. Riickle, Gottingen, 
1901. 
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existence of those equations which have a given degree, a 
given abelian group and a given discriminant with respect 
to the realm of rational numbers. 

Second. It states that the roots of such equations form 
a realm of algebraic numbers which coincides with the 
realm obtained by assigning to the argument z in the expo- 
nential function e* all rational numerical values in suc- 
cession. 

The first statement is concerned with the question of the 
determination of certain algebraic numbers by their groups 
and their branching. This question corresponds, therefore, 
to the known problem of the determination of algebraic 
functions corresponding to given Riemann surfaces. The 
second statement furnishes the required numbers by trans- 
cendental means, namely, by the exponential function e'™*. 

Since the realm of the imaginary quadratic number fields 
is the simplest after the realm of rational numbers, the 
problem arises, to extend Kronecker’s theorem to this case. 
Kronecker himself has made the assertion that the abelian 
equations in the realm of a quadratic field are given by the 
equations of transformation of elliptic functions with sin- 
gular moduli, so that the elliptic function assumes here the 
same role as the exponential function in the former case. 
The proof of Kronecker’s conjecture has not yet been 
furnished ; but I believe that it must be obtainable without 
very great difficulty on the basis of the theory of complex 
multiplication developed by H. Weber * with the help of the 
purely arithmetical theorems on class fields which I have 
established. 

Finally, the extension of Kronecker’s theorem to the case 
that, in place of the realm of rational numbers or of the imaginary 
quadratic field, any algebraic field whatever is laid down as realm 
of rationality, seems to me of the greatest importance. I re- 
gard this problem as one of the most profound and far- 
reaching in the theory of numbers and of functions. 

The problem is found to be accessible from many stand- 
points. I regard as the most important key to the arithmet- 
ical part of this problem the general law of reciprocity for 
residues of /th powers within any given number field. 

As to the function-theoretical part of the problem, the in- 
vestigator in this attractive region will be guided by the 
remarkable analogies which are noticeable between the 
theory of algebraic functions of one variable and the theory 


*Elliptische Functionen und algebraische Zahlen. Braunschweig, 
891. 
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of algebraic numbers. Hensel * has proposed and investi- 
gated the analogue in the theory of algebraic numbers to 
the development in power series of an algebraic func- 
tion; and Landsberg+ has treated the analogue of the 
Riemann-Roch theorem. The analogy between the defi- 
ciency of a Riemann surface and that of the class number of 
a field of numbers is also evident. Consider a Riemann 
surface of deficiency p = 1 (to touch on the simplest case 
only) and on the other hand a number field of class h =2. 
To the proof of the existence of an integral everywhere 
finite on the Riemann surface, corresponds the proof of 
the existence of an integer « in the number field such that 


the number “a represents a quadratic field, relatively un- 
branched with respect to the fundamental field. In the 
theory of algebraic functions, the method of boundary values 
( Randwerthaufgabe) serves, as is well known, for the proof 
of Riemann’s existence theorem. In the theory of number 
fields also, the proof of the existence of just this number 2 
offers the greatest difficulty. This proof succeeds with in- 
dispensable assistance from the theorem that in the number 
field there are always prime ideals corresponding to given 
residual properties. This latter fact is therefore the ana- 
logue in number theory to the problem of boundary values. 

The equation of Abel’s theorem in the theory of algebraic 
functions expresses, as is well known, the necessary and 
sufficient condition that the points in question on the 
Riemann surface are the zero points of an algebraic 
function belonging to the surface. The exact analogue of 
Abel’s theorem, in the theory of the number field of class 
h = 2, is the equation of the law of quadratic reciprocity { 


which declares that the ,ideal 7 is then and only then a 
principal ideal of the number field when the quadratic resi- 
due of the number « with respect to the ideal 7 is positive. 

It will be seen that in the problem just sketched the three 
fundamental branches of mathematics, number theory, al- 
gebra and function theory, come into closest touch with 


* Jahresber. d. Deutschen Math.-Vereinigung, vol. 6, and an article soon 
to appear in the Math. Annalen [Vol. 58, p. 301]: ‘‘ Ueber die Entwickel- 
ung der algebraischen Zahlen in Potenzreihen.”’ 

+ Math. Annalen, vol. 50 (1898). 

Hilbert, ‘‘ Ueber die Theorie der relativ-Abelschen Zahlkorper,’’ 
Gott. Nachrichten, 1898. 
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one another, and I am certain that the theory of analytical 
functions of several variables in particular would be notably 
enriched if one should succeed in finding and diseussing those 
funetions which play the part for any algebraic number field corre- 
sponding to that of the exponential function in the field of rational 
numbers and of the elliptic modular functions in the imaginary 
quadratie number field. 

Passing to algebra, I shall mention a problem from the 
theory of equations and one to which the theory of alge- 
braic invariants has led me. 


13. IMPpossIBILITY OF THE SOLUTION OF THE GENERAL 
EQUATION OF THE 7TH DEGREE BY MEANS OF 
FUNCTIONS OF ONLY Two ARGUMENTS. 


Nomography* deals with the problem: to solve equa- 
tions by means of drawings of families of curves depending 
on an arbitrary parameter. It is seen at once that every 
root of an equation whose coefficients depend upon only 
two parameters, that is, every function of two independent 
variables, can be represented in manifold ways according to 
the principle lying at the foundation of nomography. Fur- 
ther, a large class of functions of three or more variables 
can evidently be represented by this principle alone without 
the use of variable elements, namely all those which can be 
generated by forming first a function of two arguments, 
then equating each of these arguments to a function of two 
arguments, next replacing each of those arguments in their 
turn by a function of two arguments, and so on, regarding 
as admissible any finite number of insertions of functions 
of two arguments. So, for example, every rational function 
of any number of arguments belongs to this class of func- 
tions constructed by nomographic tables ; for it can be gen- 
erated by the processes of addition, subtraction, multiplica- 
tion and division and each of these processes produces a 
function of only two arguments. One sees easily that the 
roots of all equations which are solvable by radicals in the 
natural realm of rationality belong to this class of func- 
tions; for here the extraction of roots is adjoined to the 
four arithmetical operations and this, indeed, presents a 
function of one argument only. Likewise the general equa- 
tions of the 5th and 6th degrees are solvable by suitable 
nomographic tables ; for, by means of Tschirnhausen trans- 
formations, which require only extraction of roots, they can 


* d’Ocagne, Traité de Nomographie, Paris, 1899. 
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be reduced to a form where the coefficients depend upon two 
parameters only. 

Now it is probable that the root of the equation of the 
seventh degree is a function of its coefficients which does 
not belong to this class of functions capable of nomographic 
construction, i. e.. that it cannot be constructed by a finite 
number of insertions of functions of two arguments. In 
order to prove this, the proof would be necessary that the 
equation of the seventh degree f'+2f*+yf? +zf+1=0 is 
not solvable with the help of any continuous functions of only two 
arguments. I may be allowed to add that I have satisfied 
myself by a rigorous process that there exist analytical 
functions of three arguments z, y, z which cannot be ob- 
tained by a finite chain of functions of only two arguments. 

By employing auxiliary movable elements, nomography 
succeeds in constructing functions of more than two argu- 
ments, as d’Ocagne has recently proved in the case of the 
equation of the 7th degree.* 


14. Proor oF THE FINITENESS OF CERTAIN COMPLETE 
Systems oF FUNCTIONS. 


In the theory of algebraic invariants, questions as to the 
finiteness of complete systems of forms deserve, as it seems 
to me, particular interest. L. Maurer? has lately suc- 
ceeded in extending the theorems on finiteness in invariant 
theory proved by P. Gordan and myself, to the case where, 
instead of the general projective group, any subgroup is 
chosen as the basis for the definition of invariants. 

An important step in this direction had been taken al- 
ready by A. Hurwitz,{ who, by an ingenious process, suc- 
ceeded in effecting the proof, in its entire generality, of the 
finiteness of the system of orthogonal invariants of an ar- 
bitrary ground form. 

The study of the question as to the finiteness of invari- 
ants has led me toa simple problem which includes that 
question as a particular case and whose solution probably 
requires a decidedly more minutely detailed study of the 
theory of elimination and of Kronecker’s algebraic modular 
systems than has yet been made. 


*Sor la résolution nomographique de l’équation du septiéme 
degré.’’ Comptes rendus, Paris, 1900. 

+ Cf. Sitzungsber. d. K. Acad. d. Wiss. zu Miinchen, 1899, and an ar- 
ticle about to appear in the Math. Annalen. 

t ‘* Ueber die Erzeugung der Invarianten durch Integration,’’ Nach- 
richten d. K. Gesellschaft d. Wiss. zu Gottingen, 1897. 
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Let a number m of integral rational functions X,, X,, ---, X,, 
of the n variables ~,, z,, ---,z, be given, 


X, = fi, (By 


Every rational integral combination of X,, ---, X,, must evi- 
dently always become, after substitution of the above ex- 
pressions, a rational integral function of z,, ---,z,. Never- 
theless, there may well be rational fractional functions of 
X,, ---, X,, which, by the operation of the substitution 8, 
become integral functions in z,, ---,z,. Every such rational 
function of X,, ---, X,, which becomes integral in z,, ---, x, 
after the application of the substitution S, I propose to call 
a relatively integral function of X,,---,X,. Every integral 
function of X,, ---, X,, is evidently also relatively integral ; 
further the sum, difference and product of relative integral 
functions are themselves relatively integral. 

Ths resulting problem is now to decide whether it is 
always possible to find a finite system of relatively integral func- 
tion X,,---,X,, by which every other relatively integral function of 
X,,°*,X,, may be expressed rationally and integrally. 

e can formulate the problem still more simply if we in- 
troduce the idea of a finite field of integrality. By a finite 
field of integrality I mean a system of functions from which 
a finite number of functions can be chosen, in terms of 
which all other functions of the system are rationally and 
integrally expressible. Our problem amounts, then, to this : 
to show that all relatively integral functions of any given 
domain of rationality always constitute a finite field of 
in 


(S) 


ty. 
It naturally occurs to us also to refine the problem by 
restrictions drawn from number theory, by assuming the 
coefficients of the given functions f,,---,f, to be integers and 
including among the relatively integral functions of X,,---,X,, 
only such rational functions of these arguments as become, 
by the application of the substitutions S, rational in- 
tegral functions of %,---,z, with rational integral coeffi- 
cients. 

The following is a simple particular case of this refined 
problem: Let m integral rational functions X,,---,X,, of one 
variable x with integral rational coefficients, and a prime 
number p be given. Consider the system of those integral 
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rational functions of x which can be expressed in the form 


P 


where G is a rational integral function of the arguments 
X,,--:,X,, and p* is any power of the prime number p. Earlier 
investigations of mine * show immediately that all such ex- 
pressions for a fixed exponent hf form a finite domain of in- 
tegrality. But the question here is whether the same is true 
for all exponents h, i. e., whether a finite number of such 
expressions can be chosen by means of which for every ex- 
ponent A every other expression of that form is integrally 
and rationally expressible. 


From the boundary region between algebra and geometry, 
I will mention two problems. The one concerns enumera- 
tive geometry and the other the topology of algebraic curves 
and surfaces. 


15. Rigorous FounDATION oF SCHUBERT’s ENUMERATIVE 
CALCULUS. 


The problem consistsin this: To establish rigorously and with 
an exact determination of the limits of their validity those geomet- 
rical numbers which Schubert + especially has determined on the 
basis of the so-called principle of special position, or conservation 
of number, by means of the enumerative caleulus developed by 
him. 

Although the algebra of to-day guarantees, in principle, 
the possibility of carrying out the processes of elimination, 
yet for the proof of the theorems of enumerative geometry 
decidedly more is requisite, namely, the actual carrying out 
of the process of elimination in the case of equations of 
special form in such a way that the degree of the final equa- 
tions and the multiplicity of their solutions may be foreseen. 


16. PRoBLEM oF THE ToPpoLoGy OF ALGEBRAIC CURVES 
AND SURFACES. 
The maximum number of closed and separate branches 


which a plane algebraic curve of the nth order can have has 
been determined by Harnack.{ There arises the further 


* Math. Annalen, vol. 36 (1890), p. 485. 
t Kalki der abzahlenden Geometrie, Leipzig, 1879. 
t Math. Annalen, vol. 10. 
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question as to the relative position of the branches in the 
plane. As to curves of the 6th order, I have satisfied my- 
self—by a complicated process, it is true—that of the eleven 
branches which they can have according to Harnack, by no 
means all can lie external to one another, but that one branch 
must exist in whose interior one branch and in whose ex- 
terior nine branches lie, or inversely. A thorough investiga- 
tion of the relative position of the separate branches when their 
number is the maximum seems to me to be of very great interest, 
and not less so the corresponding investigation as to the number, 
form, and position of the sheets of an algebraic surface in space. 
Till now, indeed, it is not even known what is the maxi- 
mum number of sheets which a surface of the 4th order in 
three dimensional space can really have.* 

In connection with this purely algebraic problem, I wish 
to bring forward a question which, it seems to me, may be 
attacked by the same method of continuous variation of 
coefficients, and whose answer is of corresponding value for 
the topology of families of curves defined by differential 
equations. This is the question as to the maximum num- 
ber and position of Poincaré’s boundary cycles (cycles 
limites) for a differential equation of the first order and 
degree of the form 


where X and Y are rational integral functions of the nth 
degree in x and y. Written homogeneously, this is 


dz dy dx dy dz\_ 


where X, Y, and Z are rational integral homogeneous func- 
tions of the nth degree in 2, y, z, and the latter are to be 
determined as functions of the parameter ¢. 


17. Expression oF DerinitE Forms“*By SQuAREs. 


A rational integral function or form in any number of 
variables with real coefficients such that it becomes negative 
for no real values of these variables, is said to be definite. 
The system cf all definite forms is invariant with respect 
to the operations of addition and multiplication, but the 


* Cf. Rohn, ‘‘ Flachen vierter Ordnung,’’ Preisschriften der Fiirstlich 
Jablonowskischen Gesellschaft, Leipzig, 1886. 


dy_¥ 
dz X’ 
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quotient of two definite forms—in case it should be an 
integral function of the variables—is also a definite form. 
The square of any form is evidently always a definite 
form. But since, as I have shown,* not every definite 
form can be compounded by addition from squares of 
forms, the question arises—which I have answered affirma- 
tively for ternary forms }—whether every definite form 
may not be expressed as a quotient of sums of squares of 
forms. At the same time it is desirable, for certain ques- 
tions as to the possibility of certain geometrical construc- 
tions, to know whether the coefficients of the forms to be 
used in the expression may always be taken from the realm 
of rationality given by the coefficients of the form repre- 
sented. f 
I mention one more geometrical problem : 


18. Burmipine up oF SPACE FROM CONGRUENT POLYHEDRA. 


If we enquire for those groups of motions in the plane for 
which a fundamental region exists, we obtain various an- 
swers, according as the plane considered is Riemann’s 
(elliptic), Euclid’s, or Lobachevsky’s (hyperbolic). Inthe 
case of the elliptic plane there is a finite number of essen- 
tially different kinds of fundamental regions, and a finite 
number of congruent regions suffices for a complete cover- 
ing of the whole plane; the group consists indeed of a 
finite number of motions only. In the case of the hyper- 
bolic plane there is an infinite number of essentially differ- 
ent kinds of fundamental regions, namely, the well-known 
Poincaré polygons. For the complete covering of the plane 
an infinite number of congruent regions is necessary. The 
case of Euclid’s plane stands between these ; for in this case 
there is only a finite number of essentially different kinds 
of groups of motions with fundamental regions, but for a 
complete covering of the whole plane an infinite number of 
congruent regions is necessary. 

Exactly the corresponding facts are found in space of 
three dimensions.+ The fact of the finiteness of the groups of 
motions in elliptic space is an immediate consequence of a 
fundamental theorem of C. Jordan,§ whereby the number of 


* Math. Annalen, vol. 32. 

t+ Acta Mathematica, vol. 17. 

¢ Cf. Hilbert : Grundlagen der Geometrie, Leipzig, 1899, Chap. 7 and 
in particular 2 38. 

2 Crelle’s Journal, vol. 84 (1878), and Atti d. Reale Acad. di Napoli 
1880. 
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essentially different kinds of finite groups of linear substitu- 
tions in n variables does not surpass a certain finite limit 
dependent upon ». The groups of motions with funda- 
mental regions in hyperbolic space have been investigated 
by Fricke and Klein in the lectures on the theory of auto- 
morphic functions,* and finally Fedorov,{ Schoenflies and 
lately Rohn § have given the proof that there are, in eucli- 
dean space, only a finite number of essentially different 
kinds of groups of motions with a fundamental region. 
Now, while the results and methods of proof applicable to 
elliptic and hyperbolic space hold directly for n-dimensional 
space also, the generalization of the theorem for euclidean 
space seems to offer decided difficulties. The investigation 
of the following question is therefore desirable: Is there in 
n-dimensional euclidean space also only a finite number of essen- 
tially different kinds of groups of motions with a fundamental 
region ? 

A fundamental region of each group of motions, together 
with the congruent regions arising from the group, evidently 
fills up space completely. The question arises: Whether poly- 
hedra also exist which do not appear as fundamental regions oj 
groups of motions, by means of which nevertheless by a suitable 
juataposition of congruent copies a complete filling up of all 
space is possible. I point out the following question, related 
to the preceding one, and important to number theory and 
perhaps sometimes useful to physics and chemistry: How 
can one arrange most densely in space an infinite number of 
equal solids of given form, e. g., spheres with given radii 
or regular tetrahedra with given edges (or in prescribed 
position ), that is, how can one so fit them together that the 
ratio of the filled to the unfilled space may be as great as 
possible? 


If we look over the development of the theory of func- 
tions in the last century, we notice above all the funda- 
mental importance of that class of functions which we now 
designate as analytic functions—a class of functions which 
will probably stand permanently in the center of mathe- 
matical interest. 

There are many different standpoints from which we 
might choose, out of the totality of all conceivable func- 
tions, extensive classes worthy of a particularly thorough 


* Leipzig, 1897. Cf. especially Abschnitt I, Chapters 2 and 3. 
+Symmetrie der regelmassigen Systeme von Figuren, 1890. 

{ Krystallsysteme und Krystallstruktur, Leipzig, 1891. 

§ Math. Annalen, vol. 53. 
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investigation. Consider, for example, the class of functions 
characterized by ordinary or partial algebraic differential equa- 
tions. It should be observed that this class does not contain 
the functions that arise in number theory and whose inves- 
tigation is of the greatest importance. For example, the 
before-mentioned function £(s) satisfies no algebraic dif- 
ferential equation, as is easily seen with the help of the 
well-known relation between ¢(s) and ¢(1 — s), if one refers 
to the theorem proved by Holder,* that the function I(x) 
satisfies no algebraic differential equation. Again, the 
function of the two variables s and x defined by the infinite 


series 


which stands in close relation with the function ¢(s), prob- 
ably satisfies no algebraic partial differential equation. In 
the investigation of this question the functional equation 


will have to be used. 

If, on the other hand, we are lead by arithmetical or geo- 
metrical reasons to consider the class of all those functions 
which are continuous and indefinitely differentiable, we 
should be obliged in its investigation to dispense with that 
pliant instrument, the power series, and with the circum- 
stance that the function is fully determined by the assign- 
ment of values in any region, however small. While, there- 
fore, the former limitation of the field of functions was too 
narrow, the latter seems to me too wide. 

The idea of the analytic function on the other hand in- 
cludes the whole wealth of functions most important to sci- 
ence, whether they have their origin in number theory, in 
the theory of differential equations or of algebraic functional 
equations, whether they arise in geometry or in mathematical 
physics ; and, therefore, in the entire realm of functions, the 
analytic function justly holds undisputed supremacy. 


19. ARE THE SOLUTIONS OF REGULAR PROBLEMS IN THE CAL- 
CULUS OF VARIATIONS ALWAYS NECESSARILY ANALYTIC? 
One of the most remarkable facts in the elements of the 


theory of analytic functions appears to me to be this: That 
there exist partial differential equations whose integrals are 


* Math. Annalen, vol. 28. 


O(s,2) 
=(s—1, zx) 
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all of necessity analytic functions of the independent vari- 
ables, that is, in short, equations susceptible of none but 
analytic solutions. The best known partial differential 
equations of this kind are the potential equation 

oF, 

and certain linear differential equations investigated by 
Picard ;* also the equation 


of 
af 

the partial differential equation of minimal surfaces, and 
others. Most of these partial differential equations have the 
common characteristic of being the lagrangian differential 
equations of certain problems of variation, viz., of such prob- 
lems of variation 


f F (p, 4, 23%, y) dz dy = minimum 


[ _ Oz 
as satisfy, for all values of the arguments which fall within 
the range of discussion, the inequality 
Op’ oq 
F itself being an analytic function. We shall call this sort 
of problem a regular variation problem. It is chiefly the 
regular variation problems that play a réle in geometry, in 
mechanics, and in mathematical physics ; and the question 
naturally arises, whether all solutions of regular variation 
problems must necessarily be analytic functions. In other 
words, does every lagrangian partial differential equation of a 
regular variation problem have the property of admitting analytic 
integrals exclusively? And is this the case even when the 
function is constrained to assume, as, e. g., in Dirichlet’s 
problem on the potential function, boundary values which 
are continuous, but not analytic? 
I may add that there exist surfaces of constant negative 
gaussian curvature which are representable by functions 
that are continuous and possess indeed all the derivatives, 


2 


* Jour. de V Ecole Polytech., 1890. 
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and yet are not analytic ; while on the other hand it is prob- 
able that every surface whose gaussian curvature is con- 
stant and positive is necessarily an analytic surface. And we 
know that the surfaces of positive constant curvature are 
most closely related to this regular variation problem: To 
pass through a closed curve in space a surface of minimal 
area which shall inclose, in connection with a fixed surface 
through the same closed curve, a volume of given magnitude. 


20. THe GENERAL PROBLEM OF BouNDARY VALUES. 


An important problem closely connected with the fore- 
going is the question concerning the existence of solutions 
of partial differential equations when the values on the 
boundary of the region are prescribed. This problem is 
solved in the main by the keen methods of H. A. Schwarz, 
C. Neumann, and Poincaré for the differential equation of 
the potential. These methods, however, seem to be gener- 
ally not capable of direct extension to the case where along 
the boundary there are prescribed either the differential 
coefficients or any relations between these and the values of 
the function. Nor can they be extended immediately to the 
case where the inquiry is not for potential surfaces but, say, 
for surfaces of least area, or surfaces of constant positive 
gaussian curvature, which are to pass through a prescribed 
twisted curve or to stretch over a given ring surface. It 
is my conviction that it will be possible to prove these 
existence theorems by means of a general principle whose 
nature is indicated by Dirichlet’s principle. This general 
principle will then perhaps enable us to approach the 
question : Has not every regular variation problem a solution, 
provided certain assumptions regarding the given boundary con- 
ditions are satisfied (say that the functions concerned in 
these boundary conditions are continuous and have in 
sections one or more derivatives), and provided also if need 
be that the notion of a solution shall be suitably extended # * 


21. Proor oF THE EXISTENCE OF LINEAR DIFFERENTIAL 
Equations Hayine A PRESCRIBED Monopromic 


In the theory of linear differential equations with one 
independent variable z, I wish to indicate an important 
problem, one which very likely Riemann himself may have 
had in mind. This problem is as follows: To show that there 
always exists a linear differential equation of the Fuchsian class, 


* Cf. my lectureZon Dirichlet’s principle in the Jahresber. d. Deutschen 
Math.-Vereinigung, vol. 8 (1900), p. 184. 
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with given singular points and monodromic group. The problem 
requires the production of n functions of the variable z, 
regular throughout the complex z plane except at the 
given singular points; at these points the functions may 
become infinite of only finite order, and when z describes 
circuits about these points the functions shall undergo the 
prescribed linear substitutions. The existence of such dif- 
ferential equations has been shown to be probable by count- 
ing the constants, but the rigorous proof has been obtained 
up to this time only in the particular case where the fun- 
damental equations of the given substitutions have roots 
all of absolute magnitude unity. L. Schlesinger has given 
this proof,* based upon Poincaré’s theory of the Fuchsian 
¢-functions. The theory of linear differential equations 
would evidently have a more finished appearance if the 
problem here sketched could be disposed of by some per- 
fectly general method. 


22. UNIFORMIZATION OF ANALYTIC RELATIONS BY MEANS 
oF AUTOMORPHIC FUNCTIONS. 


As Poincaré was the first to prove, it is always possible to 
reduce any algebraic relation between two variables to uni- 
formity by the use of automorphic functions of one variable. 
That is, if any algebraic equation in two variables be given, 
there can always be found for these variables two such 
single valued automorphic functions of a single variable 
that their substitution renders the given algebraic equation 
an identity. The generalization of this fundamental theorem 
to any analytic non-algebraic relations whatever between 
two variables has likewise been attempted with success by 
Poincaré,+ though by a way entirely different from that 
which served him in the special problem first mentioned. 
From Poincaré’s proof of the possibility of reducing to 
uniformity an arbitrary analytic relation between two 
variables, however, it does not become apparent whether 
the resolving functions can be determined to meet certain 
additional conditions. Namely, it is not shown whether 
the two single valued functions of the one new variable can 
be so chosen that, while this variable traverses the regular 
domain of those functions, the totality of all regular points 
of the given analytic field are actually reached and repre- 
sented. On the contrary it seems to be the case, from Poin- 


* Handbuch der Theorie der linearen Differentialgleichungen, vol. 2, 
part 2, No. 366. ; 
{Bull. de la Soc. Math. de France, vol. 11 (1883). 
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caré’s investigations, that there are beside the branch points 
certain others, in general infinitely many other discrete 
exceptional points of the analytic field, that can be reached 
only by making the new variable approach certain limiting 
points of the functions. In view of the fundamental importance 
of Poincaré’s formulation of the question it seems to me that an 
elucidation and resolution of this difficulty is extremely desirable. 
In conjunction with this problem comes up the problem 
of reducing to uniformity an algebraic or any other analytic 
relation among three or more complex variables—a problem 
which is known to be solvable in many particular cases. 
Toward the solution of this the recent investigations of Pic- 
ard on algebraic functions of two variables are to be 
regarded as welcome and important preliminary studies. 


23. FurTHER DEVELOPMENT OF THE METHODS OF THE 
CALCULUS OF VARIATIONS. 


So far, I have generally mentioned problems as definite 
and special as possible, in the opinion that it is just such 
definite and special problems that attract us the most and 
from which the most lasting influence is often exerted upon 
science. Nevertheless, I should like to close with a general 
problem, namely with the indication of a branch of mathe- 
matics repeatedly mentioned in this lecture—which, in spite 
of the considerable advancement lately given it by Weier- 
strass, does not receive the general appreciation which, in my 
opinion, is its due—I mean the calculus of variations.* 

The lack of interest in this is perhaps due in part to the 
need of reliable modern text-books. So much the more 
praiseworthy is it that A. Kneser in a very recently pub- 
lished work has treated the calculus of variations from the 
modern points of view and with regard to the modern 
demand for rigor.{ 

The calculus of variations is, in the widest sense, the 
theory of the variation of functions, and as such appears as 
@ necessary extension of the differential and integral calculus. 


* Text-hooks: Moigno-Lindelof, Lecons du calcul des variations, Paris, 
1861, and A. Kneser, Lehrbuch der Variations-rechnung, Braunschweig, 
1900. 

+ As an indication of the contents of this work, it may here be noted 
that for the simplest problems Kneser derives sufficient conditions of 
tle extreme even for the case that one limit of integration is variable, 
and employs the envelope of a family of curves satisfying the differential 
equations of the problem to prove the necessity of Jacobi’s conditions 
of the extreme. Moreover, it should be noticed that Kneser applies 
Weierstrass’s theory also to the inquiry for the extreme of such quantities 
as are defined by differential equations. 
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In this sense, Poincaré’s investigations on the problem of 
three bodies, for example, form a chapter in the calculus of 
variations, in so far as Poincaré derives from known orbits 
by the principle of variation new orbits of similar character. 

I add here a short justification of the general remarks 
upon the calculus of variations made at the beginning of 
my lecture. 

The simplest problem in the caiculus of variations proper 
is known to consist in finding a function y of a variable z 
such that the definite integral 


d: 
J= [Fin 9; 2d, 


assumes @ minimum value as compared with the values it 
takes when y is replaced by other functions of z with the 
same initial and final values. 

The vanishing of the first variation in the usual sense 


éJ = 0 


gives for the desired function y the well-known differential 
equation 


dF. 
(1) — F,=0, 
OF oF 


In order to investigate more closely the necessary and 
sufficient criteria for the occurrence of the required min- 
imum, we consider the integral 


+ (y,—p) Ede, 


Now we inquire how p is to be chosen as function of x, y in order 
that the value of this integral J* shall be independent of the path 
of integration, i. e., of the choice of the function y of the variable x. 
The integral J* has the form 


Bidz, 
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where A and B do not contain y, and the vanishing of the 
first variation 


éJ* =0 
in the sense which the new question requires gives the 
equation 
OA OB 


i. €., we obtain for the function p of the two variables z, y 
the partial differential equation of the first order 


OF, O(pF,—F) 

a*) Ox Oy 

The ordinary differential equation of the second order (1) 

and the partial differential equation (1*) stand in the 

closest relation to each other. This relation becomes im- 

mediately clear to us by the following simple transformation 


= + + — ap) F, + de 
+ + (ye —p) de 


= + — p) 6F,dz. 


We derive from this, namely, the following facts: If we 
construct any simple family of integral curves of the ordi- 
nary differential equation (1) of the second order and then 
form an ordinary differential equation of the first order 


(2) = y) 


which also admits these integral curves as solutions, then 
the function p(z, y) is always an integral of the partial dif- 
ferential equation (1*) of the first order; and conversely, 
if p(z, y) denotes any solution of the partial differential 
equation (1*) of the first order, all the non-singular in- 
tegrals of the ordinary differential equation (2) of the first 
order are at the same time integrals of the differential 
equation (1) of the second order, or in short if y, = p(z, y) 
is an integral equation of the first order of the differential 
equation (1) of the second order, p(x, y) represents an 
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integral of the partial differential equation (1*) and con- 
versely ; the integral curves of the ordinary differential 
equation of the second order are therefore, at the same 
time, the characteristics of the partial differential equation 
(1*) of the first order. 

In the present case we may find the same result by means 
of a simple calculation ; for this gives us the differential 
equations (1) and (1*) in question in the form 


(1*) (p, + pp,) F,, + + — F,= 9% 


where the lower indices indicate the partial derivatives with 
respect to x, y, p, y, The correctness of the affirmed rela- 
tion is clear from this. 

The close relation derived before and just proved between 
the ordinary differential equation (1) of the second order 
and the partial differential equation (1*) of the first order, 
is, as it seems to me, of fundamental significance for the 
calculus of variations. For, from the fact that the integral 
J* is independent of the path of integration it follows that 


if we think of the left hand integral as taken along any path 
y and the right hand integral along an integral curve y of 
the differential equation 


= pa, y)- 


With the help of equation (3) we arrive at Weierstrass’s 
formula 


where E designates Weierstrass’s expression, depending upon 
Yas Ps Ys 


E(y,, p) = F(y.) — F(p) — p) F,(?)- 


Since, therefore, the solution depends only on finding an in- 
tegral p(x, y) which is single valued and continuous in a cer- 
tain neighborhood of the integral curve y, which we are con- 
sidering, the developments just indicated lead immediately 
—without the introduction of the second variation, but only 
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by the application of the-polar process to the differential 
equation (1)—to the expression of Jacobi’s condition and 
to the answer to the question: How far this condition of 
Jacobi’s in conjunction with Weierstrass’s condition E> 0 
is necessary and sufficient for the occurrence of a minimum. 

The developments indicated may be transferred without 
necessitating further calculation to the case of two or more 
required functions, and also to the case of a double or a mul- 
tiple integral. So, for example, in the case of a double 
integral 


f 2, y)de, 5, | 


to be extended over a given region , the vanishing of the 
first variation (to be understood in the usual sense) 


éJ =0 


gives the well-known differential equation of the second 
order 


1  aF, 
oF oF oF 


for the required function z of z and y. 
On the other hand we consider the integral 


Jt= f {F+ (2,—p)F,+ do, 
[ F= q 2; 2, Y), 


_ OF ( p,q, 25 %, y) 
] 


and inquire, how p and q are to be taken as functions of z, y and 
z in order that the value of this integral may be independent of 
the choice of the surface passing through the given closed twisted 
curve, 1. €., of the choice of the function z of the variables x and y. 


The integral J* has the form 


= + Be,— dw 


| 
— 
— 
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and the vanishing of the first variation 
J*=0, 


in the sense which the new formulation of the question 
demands, gives the equation 


i. e., we find for the functions p and q of the three variables 
x, y and z the differential equation of the first order 


dz Oy 


If we add to this differential equation the partial differ- 
ential equation 


(1*) Py + OP: = Ge + 


resulting from the equations 


the partial differential equation (I) for the function z of the 
two variables x and y and the simultaneous system of the 
two partial differential equations of the first order (I*) for 
the two functions p and q of the three variables z, y, and z 
stand toward one another in a relation exactly analogous to 
that in which the differential equations (1) and (1*) stood 
in the case of the simple integral. 

It follows from the fact that the integral J* is indepen- 
dent of the choice of the surface of integration z that 


= doa, 


if we think of the right hand integral as taken over an in- 
tegral surface z of the partial differential equations 


2, = 2), 2 2); 


and with the help of this formula we arrive at once at the 
formula 


0A OB, 2C 
tan = % 
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(IV) F(t, 2,)de — FG,, 3,)dw = f E(2., % p, 


[E(2.; 7) = %) — F(p, 2) — — p)F,(p, 
q) F,(p, q)], 


which plays the same réle for the variation of double in- 
tegrals as the previously given formula (4) for simple inte- 
grals. With the help of this formula we can now answer the 
question how far Jacobi’s condition in conjunction with 
Weierstrass’s condition E > 0 is necessary and sufficient for 
the occurrence of a minimum. 

Connected with these developments is the modified form 
in which A. Kneser,* beginning from other points of view, 
has presented Weierstrass’stheory. While Weierstrass em- 
ployed to derive sufficient conditions for the extreme tehos 
integral curves of equation (1) which pass through a fixed 
point, Kneser on the other hand makes use of any simple 
family of such curves and constructs for every such family 
a solution, characteristic for that family, of that partial 
differential equation which is to be considered as a generali- 
zation of the Jacobi-Hamilton equation. 


The problems mentioned are merely samples of problems, 
yet they will suffice to show how rich, how manifold and 
how extensive the mathematical science of to-day is, and 
the question is urged upon us whether mathematics is 
doomed to the fate of those other sciences that have split 
up into separate branches, whose representatives scarcely un- 
derstand one another and whose connection becomes ever 
more loose. I do not believe this nor wish it. Mathe- 
matical science is in my opinion an indivisible whole, an 
organism whose vitality is conditioned upon the connection 
of its parts. For with all the variety of mathematical 
knowledge, we are still clearly conscious of the similarity 
of the logical devices, the relationship of the ideas in mathe- 
matics as a whole and the numerous analogies in its differ- 
ent departments. We also notice that, the farther a mathe- 
matical theory is developed, the more harmoniously and 
uniformly does its construction proceed, and unsuspected 
relations are disclosed between hitherto separate branches 
of the science. So it happens that, with the extension of 
mathematics, its organic character is not lost but only 
manifests itself the more clearly. 


* Cf. his above-mentioned textbook, 72 14, 15, 19 and 20. 
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But, we ask, with the extension of mathematica] knowl- 
edge will it not finally become impossible for the single in- 
vestigator to embrace all departments of this knowledge? 
In answer let me point out how thoroughly it is ingrained 
in mathematical science that every real advance goes hand 
in hand with the invention of sharper tools and simpler 
methods which at the same time assist in understanding 
earlier theories and cast aside older more complicated de- 
velopments. It is therefore possible for the individual 
investigator, when he makes these sharper tools and simpler 
methods his own, to find his way more easily in the various 
branches of mathematics than is possible in any other 
science. 

The organic unity of mathematics is inherent in the nature 
of this science, for mathematics is the foundation of all exact 
knowledge of natural phenomena. That it may completely 
fulfil this high mission, may the new century bring it gifted 
masters and many zealous and enthusiastic disciples. 


REPLY TO MR. J. L. COOLIDGE’S REVIEW OF 
HILL’S EUCLID. 


I pestrE to thank the editors of the BuLuetin for their 
courtesy in acceding to my request that they should insert 
a reply to the review of my edition of the fifth and sixth 
books of Euclid’s Elements by Mr. Coolidge, published in 
the February number of the BULLETIN, as it contains state- 
ments which give an erroneous impression of the contents 
of the book. 

The book differs from previous editions in two important 
particulars. These are: 

1. The explanations of the fundamental definitions of the 
fifth book of Euclid. 

2. The removal of the indirectness from Euclid’s line of 
argument. 

The second of these matters, though emphasized by italics 
on page viii of the preface, has been passed over without 
notice by the reviewer. The discovery of this indirectness 
and the possibility of removing it, were published by me in 
the Cambridge Philosophical Transactions, volume 16, part 4 ; 
and the importance of the work was recognized in the review 
of that paper in the Jahrbuch iiber die Fortschritte der Mathe- 
matik, volume 28 (1897), page 152. 
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The first of the above-mentioned particulars is partially 
noticed by the reviewer in his account of the relative mul- 
tiple scale. But he has penetrated so little into the spirit 
of the book that he describes relative multiple scales as 
being ‘‘ equal’’ when certain conditions are satisfied. As 
relative multiple scales are not magnitudes the term 
“‘equal’’ is inappropriate. Under the conditions referred 
to, the relative multiple scales should be described as ‘‘ the 
same.’? The reviewer also says: ‘‘ The order of succession 
of the various multiples of A and B is called their relative 
multiple scale.” It is not the ‘‘order,’’ but ‘‘ the device 
for showing the order.” 

The objections which the reviewer appears to feel most 
strongly, relate to the chapter on ratio, although the object 
of this chapter is only to make it possible to use the words 
‘ratio’? and ‘‘proportion.’’ It is difficult to understand 
why the reviewer should describe my translation of Euclid’s 
definition of ratio as a ‘‘soul-satisfying definition,’’ and 
state that ‘‘ a clear and precise idea of what a ratio is’’ is 
derivable therefrom, when the definition is preceded in the 
text by the statement that ‘‘It is only an endeavor to 
express in English the idea contained in the definition of 
ratio as stated in Euclid’s Greek,’’ and that ‘‘no use will 
be made of the definition in the argument.”’ 

The next statement of the reviewer must be quoted in 
full. “If we accept the axiom that a number p may always 
be found of such a sort that the relative multiple scale of p 
and 1 is equal to that of the two comparable magnitudes A 
and B, then p may be taken as the measure of the ratio of 
any pair of magnitudes having the same scale as A and B.”’ 
This is a misconception. The above statement is not an 
aziom, but a particular case of the fundamental proposition 
in the theory of relative multiple scales, which is proved 
in the paper referred to above. Euclid’s determination of 
the fourth proportional to three given straight lines is a 
particular case of the same fundamental proposition which 
suffices for those who do not desire to go beyond the sixth 
book of Euclid. ‘The proof of the above mentioned funda- 
mental proposition is too difficult for those for whom this 
book is meant, and it has therefore been omitted. 

The reviewer’s objections to the omission of a reference 
to the axiom that ‘‘ the whole is greater than its part,’’ and 
to the omission of the statement of an assumption in the 
proofs given of the commutative and associative laws in the 
multiplication of positive integers, are beside the point in 
regard to an elementary text-book like this. To call the 
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attention of beginners to such matters generally results in 
preventing them from learning those parts of the subject 
which it is desirable that they should master at this stage. 

There are two other criticisms on points of detail. Tho 
word ‘‘ proportionally ’’ is used on page 29 before the defini- 
tion of proportion has been given. In this case a footnote, 
identical with that on each of the two following pages, was 
unfortunately omitted. 

The second criticism relates to the accidental omission of 
the single but important word ‘‘ concurrent’’ in the defini- 
tion of four harmonic lines. This omission I greatly regret. 

I have now dealt with the whole of the criticisms, and 
leave it to those who may be interested to determine 
whether they justify the charge that ‘‘ In some of the de- 
tails the book is almost incredibly careless.’’ 

There is one matter left which is of interest to teachers : 

The reviewer says: ‘‘ Parts of Euclid are undoubtedly 
too difficult for beginners, and the book before us attempts 
to remove the greatest of these difficulties, the theory of 
proportion. In American books we seek to reach this end 
by an appeal to the analogy of algebra, but herein we de- 
part entirely from Euclid’s pattern.’’ I have not been able 
to determine the exact significance of the words ‘‘an ap- 
peal to the analogy of algebra,’’ but I believe that those 
who will take up the fifth book of Euclid and examine how 
readily the ideas of the irrational number as developed by 
Dedekind can be used in connection with its results, will 
find that in rigor it far surpasses the modern attempts to 
turn the difficulties which Euclid faced and overcame. 

M. J. M. Hii. 

UNIVERSITY COLLEGE, LONDON, 

May 31, 1902. 


NOTES. 


Wirz the issue of the present number of the BuLLETIN, 
Professor E. O. Loverr and Dr. C. L. Bourton retire from 
the editorial board. The Committee of Publication takes 
this opportunity to express its sense of obligation to the re- 
tiring editors for their faithful and valuable services. 


Tue third (July) number of volume 3 of the Transactions 
of the AMERICAN MATHEMATICAL SoctEty contain the fol- 
lowing papers: “On the group defined for any given field 
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by the multiplication table of any given finite group,’’ by 
L. E. Dickson ; “ Nachtrag zum Artikel: ‘Zur Erklarung 
der Bogenlange, u. s. w.’’’, by O. Srotz; ‘‘ Proof of the 
sufficiency of Jacobi’s condition for a permanent sign of the 
second variation in the so-called isoperimetric problems,’’ 
by O. Botza; “On hypercomplex number systems,’’ by 
H. E. Hawkes ; ‘‘On metabelian groups,’’ by W. B. Fire; 
‘* Conjugate rectilinear congruences,’’ by L. P. E1s—ENHART ; 
‘* Constructive theory of the unicursal cubic by synthetic 
methods,’’ by D. N. Lenmer; ‘‘The groups of Steiner in 
problems of contact (second paper),’’ by L. E. Dickson. 

The editorial staff of the Transactions has been increased 
by the appointment as assistant editors of Professor JamEs 
Harkness, Professor E. B. Van V1iEcK, Professor H. S. 
Waite, Dr. C. L. Bouton, Professor L. E. Dicxson, Dr. J. 
I. Hutcurnson, and Professor M. B. Porter. 


Tue third (July) number of volume 24 of the American 
Journal of Mathematies contains the following articles : ‘‘ Die 
Typen der linearen Complexe elliptischer Curven im R’,’’ by 
S. Kantor ; ‘‘ Generalization of the differentiation process,’’ 
by R. E. Moritz; “Simple pairs of parallel W-surfaces,’’ 
by H. D. THompson. 


Tue July number (second series, volume 3, number 4) of 
the Annals of Mathematics contains: ‘‘ Note on a twisted 
curve connected with an involution of pairs of points in a 
plane,’’ by H. S. Wu1TE; ‘‘ On some curves connected with 
a system of similar conics,’’ by R. E. AtLarpice; ‘ Note 
on multiply perfect numbers,’’ by J. West.unp; ‘‘ A me- 
chanical construction of confocal conics,’’ by W. R. Ransom; 
‘*On Sophus Lie’s representation of imaginaries in plane 
geometry,’’ by P. F. Smita; ‘‘ Note on the group of iso- 
morphisms of a group of order p”,’’ by G. A. MILLER; 
‘¢ Evaluation of slowly convergent series,’’ by L. D. Ames. 


Tue University or Catcaco.—The following advanced 
mathematical courses, four hours weekly, are offered during 
the three quarters (a, w, sp) of the academic year 1902-1903: 
—By Professor E. H. Moore: Projective geometry (a); 
General arithmetic, with seminar (w, sp).—By Professor O. 
Bouza: Theory of functions (a, w); Theory of equations 
(a, w).—By Professor MascHxeE : Modern analytic geometry 
(a); Higher plane curves (w); Linear differential equations 
(sp); Advanced integral calculus (a, w, sp).—By Professor 
J. W. A. Youne: Solid analytics (sp).—By Professor L. 
E. Dickson: Finite groups (a); Continuous groups (w).— 
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By Dr. F. R. Movtton: Analytic mechanics (a, w).—By 
Mr. A. C. Lunn: Theoretical mechanics (sp). 

The mathematical club meets fortnightly. —-The advanced 
courses offered during the current summer quarter are an- 
nounced on page 356 of the May number of the BuLierin. 


CotumBiA University.—The following advanced courses 
in mathematics will be offered during the academic year 
1902-1903 : By Professor F. N. Cote: Riemann’s theory 
of functions, including elliptic functions, -three hours ; 
Theory of invariants, three hours. By Professor T. 8. 
Fiske: Theory of abelian functions, three hours ; Func- 
tions defined by linear differential equations, three hours. 
By Professor D. E. Smita: History of mathematics, two 
hours ; Practicum in the history and teaching of mathe- 
matics, two hours.—By Professor J. Mactay: Analytical 
theory of curves of double curvature, three hours, first 
semester ; Analytical theory of curved surfaces, three hours, 
second semester.—By Dr. C. J. Keyser: The general the- 
ory of assemblages, three hours.—By Dr. G. H. Line: 
Differential equations, three hours.—By Mr. H. B. Mircs- 
ELL: Advanced calculus, theory of functions of a real vari- 
able, three hours. 


CorNELL UNiIversity.—The following advanced mathe- 
matical courses are offered next year :—By Professor G. W. 
Jones: Higher algebra and trigonometry, three hours; 
Theory of probabilities and least squares, two hours.—By 
Professor L. A. Wait: Advanced analytic geometry, three 
hours ; Advanced differential calculus and differential equa- 
tions, three hours. —By Professor J. H. TANNER: Algebraic 
invariants, two hours.—By Professor J. McManon : Qua- 
ternions and vector analysis, two hours ; Theoretical me- 
chanics, two hours; Potential function, Fourier series, 
and spherical harmonics, two hours ; Mathematical theory 
of sound, two hours.—By Professor J. E. Trevor: Mathe- 
matical theory of thermodynamics, two hours.—By Dr. V. 
SnyDER: Projective geometry, three hours ; General theory 
of algebraic curves and surfaces, three hours.—By Dr. J. I. 
Hutcuinson: Advanced integral calculus, two hours.—By 
Dr. H. F. Strecker: Non-linear ordinary differential equa- 
tions, two hours ; Calculus of variations, one hour ; Theory 
of functions, three hours.—By Dr. W. B. Fire: Continu- 
ous groups, three hours, first semester; Linear groups, 
three hours, second semester; Theory of numbers, two 
hours. 
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Two new series of mathematical and physical models are 
announced by Martin Schilling, of Halle. The one series, 
suggested by Professor F. Kiern and constructed by Pro- 
fessor Fr. Scnititine and Dr. W. Lupwia represents the 
cubic ellipse, parabola, and hyperbola on the corresponding 
cylinders, the tangent surface of the cubic ellipse, and 
horopter, and comprises six models. The second series, 
constructed by Professor Fr. Scuitirne and Dr. H. Grass- 
MANN, consists of three models illustrating the epicycloidal, 
pericycloidal, and the intermediate form of rotation of a 
top under no forces. 


A Gauss archive, in which, with other interesting material, 
the manuscripts of Gauss have been deposited, has been ar- 
ranged in the rooms formerly occupied by him in the ob- 
servatory at Gottingen. 


Proressor Davip HILBeErt, of Gottingen, has declined a 
call to the University of Berlin. 


Proressor H. Mrinxowsk1, of the Zirich Polytechnic 
School, has been appointed to an associate professorship at 
the University of Gottingen. 


Art the University of California Dr. E. J. Witczynsx1 has 
been promoted to an assistant professorship of mathematics. 


Ar Purdue University Professor M. C. Stevens has been 
made professor emeritus and Dr. Jacos WEsTLUND has been 
promoted to an associate professorship of mathematics. 


Mr. G. H. Scorr has been appointed professor of mathe- 
matics and astronomy at Yankton College, Yankton, S. 
Dak. 


Dr. Orro DunxE has been appointed instructor in mathe- 
matics at Wesleyan University, Middletown, Conn. 


Mr. J. L. Cootipee, of Harvard University, has been 
granted two years’ leave of absence, which he will spend in 
study abroad. 


Proressor JoHN D. RunkKLE, until the present year head 
of the mathematical department of the Massachusetts Insti- 
tute of Technology, died on July 8. He was born at Root, 
N. Y., Oct. 11, 1823. For more than thirty years he was 
on the staff of the American nautical almanac. For eight 
years he was president of the Institute of Technology, 
retiring in 1878 and resuming his professorship of mathe- 
matics in 1880. He was editor of the Mathematical Monthly 
(1858-1861), one of the earliest attempts at a high-grade 
scientific journal in America. 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


ANNUAIRE des mathématiciens pour 1901-1902, publié sons la direc- 
tion de C. A. Laisant et A. Buhl. Paris, Naud, 1902. 16mo. 
22+ 468 pp. Fr. 5.00 


Bunt (A.). Seé ANNUAIRE. 


Ciargin (J.). Sur les transformations de Baecklund. These pré- 
sentée 4 la Faculté des Sciences de Paris le 21 novembre 1902. 
Paris, Gauthier-Villars, 1902. 


Curtze (M.). Urkunden zur Geschichte der Mathematik im Mit- 
telalter und der Renaissance. (In 2 Theilen.) Theil I. Leip- 
zig, Teubner, 1902. 8vo. 10+336 pp. (Abhandlungen zur 
Geschichte der mathematischen Wissenschaften mit Einschluss 
ihrer Anwendungen, begriindet von M. Cantor, Heft XII.) 

M. 16.00 


Dassen (C.). Metafisica de los conceptos matematicos fundamen- 
tales. (Thése de doctorat, Université nationale, Buenos-Ayres.) 
Buenos-Ayres, 1901. 8vo. 185 pp. 


FERNANDEZ DE Prapo (G.). Elementos de la teorfa de los determi- 
nantes y sus aplicaciones 4 la eliminacion y 4 la teoria de 
formas. 2a edicién, revisada y ampliada. Madrid, 1902. 4to. 
12+ 324 pp. Fr. 8.50 


ForsyTH (A. R.). Theory of differential equations. (Vol. IV.) 
Part III: Ordinary linear equations. New York, Macmillan, 
1902. 8vo. 16+ 534 pp. (Cambridge University Press series.) 
Cloth. $3.75 


Fourier (J. B. J.). Die Auflésung der bestimmten Gleichungen 
(Analyse des équations déterminées). Uebersetzt und heraus- 
gegeben von A. Loewy. Leipzig, Engelmann, 1902. 4+ 263 pp. 
Cloth. (Ostwald’s Klassiker der exakten Wissenschaften, No. 
127.) M. 4.00 


Huntineton (E. V.). Simplified definition of a group. 1902. 8vo. 
(Bulletin of the American Mathematical Society (2) 8, pp. 296- 
300.) 


—. A complete set of postulates for the theory of absolute con- 
tinuous magnitude. 1902. 4to. (Transactions of the American 
Mathematical Society, 3, pp. 264-279.) 


——. Complete sets of postulates for the theories of positive in- 
tegral and positive rational numbers. 1902. 4to. (Transac- 
tions of the American Mathematical Society, 3, pp. 280-284.) 


Isety (L.). Histoire des sciences mathématiques dans la Suisse 
Francaise. Neuchatel, 1901. 8vo. 215 pp. Fr. 3.00 


Kamer (E. vAN DE). Over rationeele functies behoorende bij een 
Riemannsch oppervlak. Utrecht, 1901. 8vo. 115 pp. 
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Krew (F.). Anwendung der Differenzial- und Integralrechnung 
auf Geometrie; eine Revision der Prinzipien. Vorlesung, gehal- 
ten wihrend des Sommersemesters 1901; ausgearbeitet von C. 
Miiller. Leipzig, Teubner, 1902. 4to. 8+ 468 pp. 


Latsant (C. A.). See ANNUAIRE. 
Loewy (A.). See Fourrer (J. B. J.). 
Mascart (J.). See ZEUTHEN (H. G.). 
Mituer (C.). See Kiem (F.). 


OrLanpo (L.). Note di matematica: alcuni elementi di calcolo; 
sulle epicicloidi; l’inversione; questioni varie; la spirale logarit- 
mica. Messina, 1902. 8vo. 80 pp. Fr. 2.50 


Peano (G.). Formulaire de mathématiques. Edition de l’an 1902. 
(Tome IV de V’édition compléte.) Turin, Bocca, 1901. 8vo. 


Poske (F.). Bernhard Schwalbe; Gediichtnisrede. Nebst dem 
Bildnis Schwalbes und Verzeichnis seiner Venting. 
Berlin, 1901. 8vo. 36 pp. M. 1.00 


Ricuarp (J.). Sur la surface des ondes de Fresnel. (Thése sou- 
tenue devant la Faculté des Sciences de Paris le 22 novembre 
1901.) Chateauroux, Langlois, 1902. 


Smirn (P. F.). Elementary calculus. A text-book for the use of 
students in general science. New York, American Book Com- 
pany [1902]. 16mo. 89 pp. Cloth. $1.25 


Soxnotsky (I. V.). Introduction to the higher analysis and the 
differential caleulus. Edited by V. Starostin. St. Petersburg, 
1901. 8vo. 246 pp. (Russian.) 


——. Analytic geometry. Edited by V. Starostin. St. Petersburg, 
1901. 8vo. 248 pp. (Russian.) 


Spottore (N.). Della cicloide, della rettificazione e quadratura del 
cerchio e della quadratura del circolo. Vasto, Zaccagnini, 1901. 
8vo. 10 pp. 


Starostin (V.). See Soxuotsxy (I. V.). 


TrRELLA (G.). Dimostrazioni nuove indipendenti dal postulato di 
Archimede. Disp. 1. Modica, Tipografia Archimede, 1901. 4to. 
10 pp. 

ZEUTHEN (H. G.). Histoire des mathématiques dans l’antiquité et 
le moyen Age. Edition francaise revue et corrigée par l’auteur, 
traduite par J. Mascart. Paris, Gauthier-Villars, 1902. §8vo. 
8+298 pp. Fr. 9.00 


II. ELEMENTARY MATHEMATICS. 
Bacu (H.). See CLasen (R.). 


BeMan (W. W.) and Smirn (D. E.). Academie algebra. Boston, 
Ginn, 1902. 12mo. 9+383 pp. Half leather. $1.25 
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Berem (E.). Rechentabelle zum Gebrauch bei der Multiplication 
und Division. Leipzig, 1902. 8vo. 4+ 99 pp. M. 8.00 


BrooksmitH (E. J.). See WootwicuH. 


Cuasen (R.) und Bacu (H.). Aufgabensammlung im Anschluss 
an Herchers Lehrbuch der Geometrie zusammengestellt. 2te 
vermehrte Ausgabe im Anschluss an die 5te Ausgabe A von 
Herchers Lehrbuch. (3 Hefte.) I. Planimetrie, erster Teil. 
3+32 pp. II. und III. Planimetrie, zweiter Teil, und ebene 
Trigonometrie; Stereometrie und Grundlehren von den Kegel- 
schnitten. 40+44 pp. Leipzig, List, 1902. 8vo. M. 2.30 


Epert (R.) und Krécer (M.). Geometrie fiir Mittelschulen und 
verwandte Anstalten. Mit besonderer Beriicksichtigung der 
zentralen und axialen Symmetrie und des geometrischen Zeich- 
nens. Heft 2: Planimetrie, zweiter Teil, und Stereometrie. 
Hannover, Meyer, 1902. 8vo. 4+84 pp. Boards. M. 1.00 


(A.). Vollstandig ausgefiihrte planimetrische Schiiler- 
arbeiten aus dem Lehrstaff der héheren Schulen, nebst einge- 
streuten piidagogischen und sachlichen Anmerkungen, zum Selbst- 
studium fiir Schiiler und fiir angehende Lehrer. Liineburg, 
Herold & Wahlstab, 1902. 8vo. 12+99 pp. M. 2.40 


Fairorer (A.). Tavole dei logaritmi a cinque decimali da 1 a 
10909 e delle funzioni trigonometriche di minuto in minuto. 
Venezia, Sorteni e Vidotti, 1902. 16mo. 68 pp. Fr. 1.00 


F. F. Solutions des exercices et problémes du cours supérieur 
d’arithmétique. Paris, Poussielgue. 16mo. 12-+ 468 pp. 
-——. Arithmétique; cours élémentaire. Paris, Poussielgue. 18mo. 

148 pp. 


GUGLIELMI (A.). Nozioni di geometria per le scuole tecniche. 3a 
edizione modificata e ampliata. Torino, Paravia, 1902. 8vo. 
207 pp. Fr. 2.50 


Hercuer (B.). Lehrbuch der Geometrie. 5te verbesserte und nach 
den preussischen Lehrpliinen von 1901 bearbeitete Ausgabe. 
Ausgabe A fiir Gymnasien und Progymnasien. (3 Hefte.) I. 
Planimetrie, erster Teil. 3+83+8 pp. II. Planimetrie, 
zweiter Teil, und ebene Trigonometrie. 3+ 52 pp. III. Stere- 
ometrie und Grundlehren von den Kegelschnitten (Lehraufgabe 
der Prima). 3+67+10 pp. Leipzig, List, 1901. = 

. 3.50 


——. Ausgabe B fiir realistische Anstalten. (3 Hefte.) I. Plani- 
metrie und Anfangsgriinde der ebenen Trigonometrie; mit An- 
hang: Anfangsgriinde der Ké6rperlehre. 3+119+8 pp. IL. 
Erweiterung der Planimetrie und der ebenen Trigonometrie. 
3+ 42 pp. III. Stereometrie und Grundlehren von den Kegel- 
schnitten (Lehraufgabe der Prima). 4te verbesserte Auflage. 
Leipzig, List, 1899-1901. 8vo. M. 3.80 


Kroécer (M.). See Eperr (R.). 


Lieser (H.) und Litumann (F. von). Anfangsgriinde der Trigo- 
nometrie und Stereometrie. Elemente der Projektionslehre und 
Kartographie. Pensum der Untersekunda von Realanstalten. 
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Nach den Bestimmungen der preussischen Lehrpline vom Jahre 
1901 neu bearbeitet von C. Miisebeck. Sonderausgabe aus Lieber 
und von Liihmann, Leitfaden der Elementarmathematik. Berlin, 
Simion, 1902. 8vo. 3+76 pp. Boards. M. 1.00 


Luearo (E.). Lezioni di aritmetica pratica e di geometria intui- 
tiva ad uso delle classi 4a e 5a delle scuole elementari superiori 
maschili e femminili. Palermo, Biondo, 1901. 16mo. 4-+ 170 
pp., 3 plates. Fr. 1.00 


LijuMANN (F. von). See Lieser (H.). 


MatTRICULATION Model Answers: Mathematics. London University 
Papers from January 1895 to January 1902, with answers. 
London, 1902. 8vo. 200 pp. 2s. 


Merzie (C.). Lehrbuch der Arithmetik und Algebra nebst Aufga- 
bensammlung fiir Baugewerkschulen und verwandte technische 
Lehranstalten, sowie zum Selbstunterrichte. 2te vermehrte und 
verbesserte Auflage. Breslau, Morgenstern, 1902. 8vo. 8+ 184 
pp- Cloth. M. 2.00 


Missepeck (C.). See Lieser (H.). 


Rivett1 (A.). Elementi di geometria. 4a edizione interamente 
rifatta. Napoli, Pellerano, 1902. 16mo. 12+ 443 pp. 
Fr. 


SELLENTHIN (B.). Mathematischer Leitfaden mit besonderer 
Beriicksichtigung der Navigation. Auf Veranlass der 
kaiserl. Inspektion des Bildungswesens der Marine bearbeitet. 
Leipzig, Teubner, 1902. 8vo. 11+ 450 pp. Cloth. M. 8.40 


SmirH (D. E.). See Beman (W. W.). 


WALSEMANN (H.). J. H. Pestalozzi’s Rechenmethode, historisch 
dargestellt und auf Grund experimenteller Nachpriifung kri- 
tisch gewiirdigt. Ziirich, 1901. 8vo. 212 pp. 


Wetts (W.). Factoring. Boston, Heath, 1902. 16mo. 30 pp. 
(Heath’s Mathematical Monographs, No. 7.) $0.10 


Wrxre (D.). Permillage Tables (to find ratios per 1,000 and 100 
reciprocals of all numbers up to 10,000, etc.). Calcutta. 
Small folio. 5+101 pp. Boards. 7s. 6d. 


Woo.twicu mathematical papers for admission into the Royal Mili- 
tary Academy, 1892-1901. Edited by E. J. Brooksmith. Lon- 
don, Macmillan, 1902. 8vo. 6s. 


Ill. APPLIED MATHEMATICS. 


Deupe (P.). The theory of optics; from the German by C. R. 
Mann and R. A. Millikan. New York, Longmans, 1902. 8vo. 
21+546 pp. Cloth. $4.00 


Dunem (P.). Le mixte et la combinaison chimique. Essai sur 
Vévolution d’une idée. Paris, Naud, 1902. 8vo. 214 pp. 


FENKNER (H.). See Scuark (W. C. L. van). 
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Gruier. Ermittelung der Spannungen in steinernen Briicken nach 
der Elastizititstheorie. Nach den Vortr: von Professor 
Mehrtens bearbeitet. Herausgegeben vom fngenieurveren an 
der k. technischen Hochschule zu Dresd resden, Dresse 
1901. Folio. 3+3-+68 pp., 2 plates. (Autogr.) Boards. 

M. 2.00 

GLEICHEN (A.). Lehrbuch der geometrischen Optik. Leipzig, 
Teubner, 1902. 8vo. 14-+511 pp. Cloth. (Teubner’s Samm- 
lung von Lehrbiichern auf dem Gebiete der mathematischen 
Wissenschaften mit Einschluss ihrer Anwendungen, Vol. VIII.) 

M. 20.00 


Gross (T.). Kritische Beitrige zur Energetik. Heft II: H. v. 
Helmholtz und die Erhaltung der Energie. Berlin, 1902. 8vo. 

M. 3.50 

HELMHOLTZ (H.). Ueber die Erhaltung der Kraft. (1847.) 6tes 
Tausend. Leipzig, Engelmann, 1902. 12mo. 60 pp. (Ost- 
wald’s Klassiker der exakten Wissenschaften, No. 1. ) M. 0.80 


-——. Abhandlungen zur Thermodynamik. WHerausgegeben von M. 
Planck. Leipzig, Engelmann, 1902. 12mo. 84 pp. Cloth. 
(Ostwald’s Klassiker der exakten Wissenschaften, No. _ 

1.40 

Hosss (W. R. P.). The arithmetic of electrical measurements; 
with numerous examples fully worked; revised to date by R. 
Wormell. 9th edition. New York, Van Nostrand, 1902. 16mo. 
112 pp. Cloth. $0.50 


Lasxkus (A.). See Forxmirr (G.). 

Mann (C. R.). See Drupve (P.). 

Meuetens. See GEHLER. 

(R. A.). See Druve (P.). 

Muncer (F.). Kinematische Geometrie. Basel, 1901. 4to. 23 pp. 


Picarp (E.). Quelques réfiexions sur la mécanique, suivies d’une 
premiére lecon de dynamique. Paris, 1902. 8vo. 3-+57 pp. 
Fr. 1.50 


Prianck (M.). See Hetmnortz (H.). 


Poignant (M. P.). Coefficient économique des machines 4 vapeur 
en raison de la détente au cylindre et de la formule (¢ — t,)/t; 
surchauffe de la vapeur. Paris, Feret, 1902. Sve. 32 pp. 


Porter (C. T.). Treatise on the Richards steam engine indicator 
and development and application of force in steam engines. 
6th edition. London, Spon, 1902. 8vo. 286 pp. 9s. 


Scuark (W. C. L. van). Wellenlehre und Schall. Deutsche Aus- 
gabe, bearbeitet von H. Fenkner. Braunschweig, Vieweg, 1902. 
8vo. 114358 pp. M. 8.00 


Scumip (C.). Statik und Festigkeitslehre. Lehrheft, nebst vielen 
Beispielen und einer Aufgabensammlung fiir Festigkeitslehre, 
elementar bearbeitet fiir den Gebrauch der Schule und in der 
Praxis. 3te erweiterte Auflage. Stuttgart, Metzler, 1902. 4to. 
8+119 pp., 20 plates. M. 4.00 
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Sustor (G. K.). Treatise of qnalytical mechanics. Vol. II. Kief, 
University Press, 1902. 8vo. 8+287 pp. (Russian.) R. 2.50 


——. The fundamental propositions of dynamics. 1902. 8vo. 17 
pp. ([Kief] Physical neview, 3.) (Russian.) 


Tetesca (G.). Della velocita del suono; monografia. Parte I e II. 
Matera, Conti, 1901. (2 fase.) 8vo. 63+ 43 pp. 


TessarRI (D.). La construzione degli ingranaggi, ad uso delle scuole 
degli ingegneri e dei meccanici. Torino, Bocca, 1902. 8vo. 
15+225 pp., 8 plates. (Biblioteca matematica, Vol. IX.) 

Fr. 8.00 

Totkmitt (G.). Leitfaden fiir das Entwerfen und die Berechnung 
gewélbter Briicken. 2te Auflage, durchgearbeitet und erweitert 
von A. Laskus. Berlin, Ernst, 1902. 8vo. 5+105 pp. M. 5.00 


Wormett (R.). See Hopss (W. R. P.). 
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ELEVENTH ANNUAL LIST OF PAPERS 


READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES 
TO THE PLACES OF THEIR PUBLICATION. 


Ames, L. D. Evaluation of Slowly Convergent Series. Read Apr. 
26, 1902. Annals of Mathematics, 2d ser., vol. 3, No. 4, pp. 185- 
192; July, 1902. 


Buiack, C. W. M. The Parametric Representation of the Neighbor- 
hood of a Singular Point of an Analytic Surface. Read Aug. 
20, 1901. Proceedings of the American Academy of Arts and 
Sciences, vol. 37, No. 11, pp. 281-330; Jan., 1902. 


Buss, G. A. The Problem of the Caleulus of Variations when the 
End Point is Variable. Read Aug. 19, 1901. Transactions of 
the American Mathematical Society, vol. 3, No. 1, pp. 132-141; 
Jan., 1902. 


Bocuer, M. On Certain Pairs of Transcendental Functions whose 
Roots Separate each other. Read Aug. 19, 1901. Transactions 
of the American Mathematical Society, vol. 2, No. 4, pp. 428- 
436; Oct., 1901. 


—— On Wronskians of Functions of a Real Variable. Read Aug. 
20, 1901. Bulletin of the American Mathematical Society, vol. 8, 
No. 2, pp. 53-63; Nov., 1901. 


—— On the Real Solutions of Systems of Two Homogeneous Linear 
Differential Equations of the First Order. Read Dec. 27, 1901. 
Transactions of the American Mathematical Society, vol. 3, No. 
2, pp. 196-215; April, 1902. 


Botza, O. New Proof of a Theorem of Osgood in the Calculus of 
Variations. Read Aug. 19, 1901. Transactions of the American 
Mathematical Society, vol. 2, No. 4, pp. 422-427; Oct., 1901. 
Proof of the Sufficiency of Jacobi’s Condition for a Permanent 
Sign of the Second Variation in the so-cailed Isoperimetric 
Problems. Read (Chicago) March 29, 1902. Transactions of 
the American Mathematical Society, vol. 3, No. 3, pp. 305-311; 
July, 1902. 


Bromwicu, T. J. I’a. The Infinitesimal Generators of Parameter 
Groups. Read April 26, 1902. Bulletin of the American Mathe- 
matical Society, vol. 8, No. 9, pp. 375-386; June, 1902. 
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to Two Given Conics (or Quadrics). Read April 26, 1902. Bul- 
letin of the American Mathematical Society, vol. 8, No. 9, pp. 
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Brown, E. W. Modern Methods of Treating Dynamical! Problems 
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21-24, 1901. Bulletin of the American Mathematical Society, 
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—— On the Small Divisors in the Lunar Theory. Read Feb. 22, 
1902. Transactions of the American Mathematical Society, vol. 
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Curtiss, D. R. Note on the Sufficient Conditions for an Analytic 
Function. Read April 26, 1902. Bulletin of the American 
Mathematical Society, vol. 8, No. 8, pp. 329-331; May, 1902. 


Dickson, L. E. Theory of Linear Groups in an Arbitrary Field. 
Read Aug. 20, 1901. Transactions of the American Mathe- 
matical Society, vol. 2, No. 4, pp. 363-394; Oct., 1901. 


—— The Configurations of the 27 Lines on a Cubic Surface and the 
28 Bitangents to a Quartic Curve. Read Aug. 20, 1961. Bulle- 
tin of the American Mathematical Society, vol. 8, No. 2, pp. 63— 
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Groups. Read (Chicago) April 6, 1901. American Journal of 
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The Groups of Steiner in Problems of Contact, Transactions of 
= ae Mathematical Society, vol. 3, No. 1, pp. 38-45; 
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—— On the Group Defined by Any Given Field by the Multiplication 
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1902. Transactions of the American Mathematical Society, vol. 
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—— The Groups of Steiner in Problems of Contact (Second Paper). 
Read Feb. 22, 1902. Transactions of the American Mathematical 
Society, vol. 3, No. 3, pp. 377-382; July, 1902. 


DunxKeEL, O. Some Applications of Green’s Theorem in One Dimen- 
sion. Read Feb. 22, 1902. Bulletin of the American Mathe- 
matical Society, vol. 8, No. 7, pp. 288-292; April, 1902. 


EIsENHART, L. P. Lines of Length Zero on Surfaces. Read Dec. 
28, 1901. Bulletin of the American Mathematical Society, vol. 
8, No. 6, pp. 241-243; March, 1902. 
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of the American Mathematical Society, vol. 8, No. 7, pp. 301- 
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Transactions of the American Mathematical Society, vol. 3, No. 
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28, 1901. Mathematical Gazette, vol. 2, No. 33, pp. 173-175; 
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EpsteEn, S. Proof that the Group of an Irreducible Linear Differ- 
ential Equation is Transitive. Read Dec. 28, 1901. Bulletin of 
the American Mathematical Society, vol. 8, No. 6, pp. 239-241; 
March, 1902. 
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wandte Mathematik (Crelle), vol. 124, No. 3, pp. 179-201; 
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Fire, W. B. Concerning the Class of a Group of Order p~ that con- 
tains an Operator of Order p™—* or p™—, p being a : Read 
Dec. 28, 1901. Bulletin of the American Mathematical Society, 
vol. 8, No. 6, pp. 236-239. March, 1902. 
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23, 1901. Transactions of the American Mathematical Society, 
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Transactions of the American Mathematical Society, vol. 3, No. 
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—— and Wuitremore, J. K. Some Curious Properties of Conics 
Touching the Line Infinity at One of the Circular Points. Read 
Oct. 26, 1901. Bulletin of the American Mathematical Society, 
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Keyser, C. J. Concerning -the Angles and the Angular Determina- 
tion of Planes in 4-Space. Read April 26, 1902. Bulletin of 
the American Mathematical Society, vol. 8, No. 8, pp. 324-329; 
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Transactions of the American Mathematical Society, vol. 3, No. 
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McCurntock, E. On the Nature and Use of the Functions employed 
in the Recognition of Quadratic Residues. Read Dec. 27, 1901. 
Transactions of the American Mathematical Society, vol. 3, No. 
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Mathematical Society, vol. 2, No. 4, pp. 437-458; Oct., 1901. 


Merziter, W. H. On Certain Aggregates of Determinant Minors. 
Read April 27, 1901. Transactions of the American Mathe- 
matical Society, vol. 2, No. 4, pp. 395-403; Oct., 1901. 


Mitter, G. A. Groups defined by the Orders of Two Generators and 
the Order of their Product. Read Aug. 20, 1901. American 
Journal of Mathematics, vol. 24, No. 1, pp. 96-100; Jan., 1902. 


—— On the Abelian Groups which are Conformal with Non-Abelian 
Groups. Read Oct. 26, 1901. Bulletin of the American Mathe- 
matical Society, vol. 8, No. 4, pp. 154-156; Jan., 1902. 


—— Determination of All the Groups of Order p”, p being any 
Prime, which Contain the Abelian Group of Order p™—! and of 
Type (1, 1, 1, ---). Read (San Francisco) May 3, 1902. Bul- 
letin of the American Mathematical Society, vol. 8, No. 9, pp. 
391-394; June, 1902. 


Moore, E. H. On the Theory of Improper Definite Integrals. Read 
Aug. 19, 1901. Transactions of the American Mathematical 
Society, vol. 2, No. 4, pp. 459-475; Oct., 1901. 


—— On the Projective Axioms of Geometry. Read Dec. 28, 1901. 
Transactions of the American Mathematical Society, vol. 3, No. 
1, pp. 142-158; Jan., 1902. 


Moritz, R. E. A Generalization of the Process of Differentiation. 
Read (Chicago) Dec. 28, 1899. American Journal of Mathe- 
matics, vol. 27, No. 3, pp. 257-302; July, 1902. 


1902. ] ELEVENTH ANNUAL LIST OF PAPERS. 495 


Moutton, F. R. A Simple Non-Arguesian Geometry. Read (Chi- 
cago) Jan. 2, 1902. Transactions of the American Mathematical 
Society, vol. 3, No. 2, pp. 192-195; April, 1902. 


Newson, H. B. On the Group of 216 Collineations of the Plane. 
Read (Chicago) April 14, 1900. Kansas University Quarterly, 
ser. A, vol. 10, No. 1, pp. 13-32; Jan., 1901. 


—— On the Product of Linear Substitutions. Read (Chicago) Jan. 
3, 1902. Annals of Mathematics, 2d ser., vol. 3, No. 3, pp. 147- 
148; April, 1902. 

A. Some Remarks on Surfaces whose First and Second Fun- 
damental Forms are the Second and First respectively of Another 
Surface. Read Aug. 20, 1901. Bulletin of the American Mathe- 
matical Society, vol. 8, No. 1, pp. 27-28; Oct., 1901. 


Porter, M. B. On Linear Homogeneous Finite Difference Equations, 
with Applications to Certain Theorems of Sturm. Read Feb. 
23, 1901. Annals of Mathematics, 2d ser., vol. 3, No. 2, pp. 55- 
70; Jan., 1902. 


PRINGSHEIM, A. Ueber die Anwendung der Cauchy’schen Multipli- 
eationsregel auf bedingt convergente oder divergente Reihen. 
Read Aug. 19, 1901. Transactions of the American Mathematical 
Society, vol. 2, No. 4, pp. 404-412; Oct., 1901. 


Ueber den Goursat’schen Beweis des Cauchy’schen Integral- 
satzes. Read Aug. 19, 1901. Transactions of the American 
Mathematical Society, vol. 2, No. 4, pp. 413-421; Oct., 1901. 


Roever, W. H. Brilliant Points and Loci of Brilliant Points. 
Read Feb. 22, 1902. Annals of Mathematics, 2d ser., vol. 3, 
No. 3, pp. 113-128; April, 1902. 


ScHOTTENFELS, I. M. Upon the Non-Isomorphism of two Simple 
Groups of Order 8!/2. Read Aug. 20, 1901. Bulletin of the 
American Mathematical Society, vol. 8, No. 1, pp. 25-26; Oct., 
1901. 


Scott, C. A. A recent Method for Treating the Intersections of 
Plane Curves. Read Dec. 27, 1901. Transactions of the Amer- 
ican Mathematical Society, vol. 3, No. 2, pp. 216-263; April, 
1902. 


Stocum, 8. E. The Symbols of the Infinitesimal Transformations 
which Generate the Parameter Groups corresponding to all pos- 
sible Types of Structure of Two, Three and Four Parameter Com- 
plex Groups. Read Oct. 26, 1901. Bulletin of the American 
Mathematical Society, vol. 8, No. 4, pp. 156-168; Jan., 1902. 


Note on the Transformation of a Group into its Canonical Form. 
Read Dec. 28, 1901. Bulletin of the American Mathematical 
Society, vol. 8, No. 7, pp. 280-288; April, 1902. 


Snyper, V. On the Forms of Quintic Scrolls. Read Feb. 22, 1902. 
Bulletin of the American Mathematical Society, vol. 8, No. 7, pp. 
293-296; April, 1902. 

Strecker, H. F. On the Determination of Surfaces Capable of Con- 
formal Representation upon the Plane so that the Geodetic Lines 
shall be represented by a Prescribed System of Plane Curves. 
Read Aug. 19, 1901. Transactions of the American Mathematical 

Society, vol. 3, No. 1, pp. 12-22; Jan., 1902. 
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Concerning the Elliptie @ (9.2; 2)-Functions as Codrdinates 
in a Line Complex, and certain Related Theorems. Read Oct. 
26,1901. Bulletin of the American Mathematical Society, vol. 8, 
No. 4, pp. 148-153; Jan., 1902. 


Stoxtz, O. Zur Erkliirung der Bogenlinge und des Inhaltes einer 
kriimmen Fliche. Read Oct. 26, 1901. Transactions of the 
American Mathematical Society, vol. 3, No. 1, pp. 23-37; Jan., 
1902. 


—— Nachtrag zum Artikel: “Zur Erklirung der Bogenlinge, u. s. 
w.” Read (Chicago) March 29, 1902. Transactions of the 
American Mathematical Society, vol. 3, No. 3, pp. 302-304; 
July, 1902. 


Van Vuieckx, E. B. A Proof of the Convergence of the Gaussian 
Continued Fraction for F(a, 8 +1, y+1, z)/F(a, B, y, x). Read 
Aug. 20, 1901. Transactions of the American Mathematical 
Society, vol. 2, No. 4, pp. 476-483; Oct., 1901; and Annals of 
Mathematics, 2d ser., vol. 3, No. 1, pp. 1-18; Oct., 1901. 


—— On the Zeros of Fundamental Integrals of Regular Linear Dif- 
ferential Equations of the Second Order, with a Determination 
of the Number of Imaginary Roots of the Hypergeometric Series. 
Read Oct. 26, 1901. Transactions of the American Mathematical 
Society, vol. 3, No. 1, pp. 110-131; Jan., 1902. 


WEsTLUND, J. Note on Multiply Perfect Numbers. Read (Chicago) 
Jan. 3, 1902. Annals of Mathematics, 2d ser., vol. 3, No. 4, pp. 
161-163; July, 1902. 


Wuire, H. S. Note on a Twisted Curve connected with an Involu- 
tion of Pairs of Points in a Plane. Read (Uhicago) Jan. 2, 
1902. Annals of Mathematics, 2d ser., vol. 3, No. 4, pp. 149- 
153; July, 1902. 


WHITTEMoRE, J. K. See Huntineton, E. V. 


Wiczynsxi, E. J. Invariants of Systems of Linear Differential 
Equations. Read Oct. 27, 1900. Transactions of the American 
Mathematical Society, vol. 2, No. 1, pp. 1-24; Jan., 1901. 


—— Geometry of a Simultaneous System of Two Linear Homogeneous 
Differential Equations of the Second Order. Read April 27, 
1901. Transactions of the American Mathematical Society, vol. 
2, No. 4, pp. 343-362; Oct., 1901. 


—— Reciprocal Systems of Linear Differential Equations. Read 
Oct. 26, 1901. Transactions of the American Mathematical So- 
ciety, vol. 3, No. 1, pp. 60-70; Jan., 1902. 


Youne, J. W. On the Holomorphisms of a Group. Read Dec. 28, 
1901. Transactions of the American Mathematical Society, vol. 
3, No. 2, pp. 186-191; April, 1902. 
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